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Abstract
In fluid power engineering, efficiency and reliability optimization have become a major objective.
The interest in using fluid power transmission in wind and wave energy applications are producing
requirements concerning efficiency and reliability in order to compete with other transmission sys-
tems. In fluid power motoring and pumping units, a significant problem is that loss mechanisms
do not scale down with diminishing power throughput. Although machines can reach peak effi-
ciencies above 95%, the actual efficiency during operation, which includes part-load situations, is
much lower. The invention of digital fluid power displacement units has been able to address this
problem. The main idea of the digital fluid power displacement technology is to disable individual
chambers, by use of electrical actuated valves. A displacement chamber is disabled by keeping
the valve, between the chamber and the low pressure manifold, open throughout the shaft revo-
lution. As no power output is produced, the design of sliding and sealing surfaces becomes very
important. The study of such surfaces is the study tribology, the science and technology of friction,
lubrication and wear. In consequence, useful tribological design methods and tools are important
to the development of digital fluid power machines.
The work presented in this dissertation is part of a research program focusing on the development
of digital fluid power MW-motors for use in hydraulic drive train in wind turbines. As part of
this development, the design, analysis and optimization of efficiency and reliability of tribological
interfaces in the motor are essential. Consequently, this dissertation concerns development of a
suitable tool and methodology in order to reach optimality in the design. The main part is on
development of tribodynamic modeling.
A fundamental issue with tribodynamic systems modeling is the computational effort. The ambi-
tion of solving the partial differential equations, which governs the physics in tribodynamics, is
closely followed by careful use of efficient computational code. The overall aim of tribodynamic
modeling is to overcome the difficult task to seek the optimum design. An approach to optimum
design of fluid power displacement machines is suggested in this thesis. In the first step of the
design process a topological selection is performed, based on application framework, existing and
new ideas, experience, engineering judgement and prospective methods. The basic idea is there-
after to utilize a model, which is practical for wide scale design analysis, and subsequently refine
the design space, and then more accurate models can be utilized prior to prototype preparation.
This approach is an acknowledgement of the advanced state of the art models being impractical in
wide scale design analysis, due to high simulation durations.
In this dissertation a topological selection and a preliminary design of a digital fluid power dis-
placement unit is presented. The main focus is the tribodynamic modeling of this design, with
the aim to perform simulations, which are practical for wide scale design analysis. However, un-
til now only very limited optimization have been performed with existing tribodynamic models,
which is attributed to impractical simulation durations. The state of the art reveals that for very
advanced models the use becomes limited to numerical experiments, rather than calculation of
object functions in optimization algorithms. Consequently, the ambition within development of a
tribodynamic model is the ability to perform simulations with sufficient accuracy in a sufficiently
low amount of time. Three main areas of focus for such development is efficient coding, high pro-
cessing capacity and analytical approximations. The main area of focus in this dissertation is the
development of analytical approximations in order to achieve faster modeling tools. Three main
contributions are made in this context. A multibody tribodynamic modeling framework, where
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the lubricant wall stress vector is analytically coupled with a Newton-Euler multibody dynam-
ics approach, a piezoviscous short bearing solution applicable to oil hydraulic lubrication films,
where a series of necessary conditions, in order to justify the use of this solution, are elaborated
and an asymptotic approximation of laminar lubrication thermal fields at low reduced Peclet and
Brinkman number. In addition, a dynamical analysis of the tribodynamics in the preliminary digi-
tal fluid power displacement motor design is performed, which provide insight to the challenge of
performing more advanced tribodynamic simulation, while retaining practicality of the simulation
model with regard to wide-scale design analysis and optimization purposes.
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Resumé
I forbindelse med design af hydrauliske systemer er optimering af effektivitet og pålidelighed
blevet en vigtig målsætning. Interessen for at bruge hydraulisk transmission i vind og bølge energi
applikationer frembringer krav til effektivitet og pålidelighed for at kunne konkurrere med andre
transmissionssystemer. I hydrauliske motorer og pumper er et væsentligt problem at tabsmekanis-
mer ikke skaleres sammen med aftagende effektoverførsel. Eksisterende hydrauliske fortrængn-
ingsenheder har virkningsgrader op til 95%, men den faktiske virkningsgrad er væsentlig lavere
ved drift situationer, som omfatter varieret fortrængning. Opfindelsen af digitalfortrængningste-
knologien har i den forbindelse skabt et gennembrud vedrørende dette problem. Den grundlæggende
idé ved digitalfortrængning er at deaktiverer individuelle fortrængningskamre ved brug af elek-
trisk styrede ventiler. Denne deaktivering udføres ved at holde ventilen som forbinder kammeret
med lavtryksmanifolden åben, hvorved udgangseffekten fra dette fortrængningskammer er lig nul,
hvorfor design af friktions- og tætningsflader bliver meget vigtigt. Analyse af sådanne overflader
hedder tribologi, hvilket er læren om friktion, smøring og slid. Derfor er nyttige tribologiske design
metoder og værktøjer vigtigt for udviklingen af digitalfortrængningsenheder.
Det arbejde præsenteres i denne afhandling er en del af et forskningsprogram med fokus på ud-
vikling af digitalfortrængnings MW-motorer til hydraulisktransmission i vindmøller. Som en del
af denne udvikling, er design, analyse og optimering af tribologiske fladers effektivitet og pålide-
lighed afgørende. Denne afhandling omhandler derfor udviklingen af et egnet værktøj og metode
til at nå optimal design af friktions- og tætningsflader. Det primære fokus er lagt på udviklingen of
tribodynamisk modellering, dog behandles også en topologisk udvælgelse og en præsentation of et
initierende motor design.
Et grundlæggende spørgsmål vedrørende tribodynamisk system modellering er den beregningsmæs-
sige indsats. Ambitionen om at løse de partielle differentialligninger, der beskriver fysikken af tri-
bodynamik er tæt forbundet med omhyggelig brug af effektiv algoritme kodning. Det overordnede
formål med tribodynamisk modellering er at løse den vanskelige opgave, som udgøres af at søge
det optimale design. En tilgang til optimal konstruktion af digitalfortrængningsenheder foreslås
i denne afhandling. I det første trin af designprocessen foretages en topologisk udvælgelse på
grundlag af erfaringer og tekniske skøn. Den grundlæggende idé er derefter at anvende en model,
som er praktisk for en bred design analyse og derefter forfine design området, hvorefter mere nø-
jagtige modeller kan udnyttes før prototype forberedelse. Denne tilgang er en anerkendelse af at
avancerede state of the art modeller er upraktisk til bred design analyse, på grund af høje simulation
varigheder.
I denne afhandling præsenteres en topologi udvælgelse og et initierende design af en hydraulisk
digitalfortrængningsenhed. Det primære fokus er den tribodynamiske modellering af dette de-
sign, med det formål at udføre simuleringer, som er praktiske til bred design analyse. Indtil nu er
kun meget begrænset optimering blevet udført med eksisterende tribodynamiske modeller, hvilket
skyldes upraktiske simulation varigheder. State of the art afslører, at for meget avancerede modeller
bliver brugen begrænset til numeriske eksperimenter, snarere end beregning af objektfunktioner i
optimeringsalgoritmer. Derfor er ambitionen inden for udvikling af en tribodynamik model at
kunne udføre simuleringer med tilstrækkelig nøjagtighed i en tilstrækkelig lav varighed. De tre
vigtigste fokusområder for en sådan udvikling er effektiv kodning, høj processorhastighed og an-
alytiske tilnærmelser. Det primære fokusområde i denne afhandling er udviklingen af analytiske
tilnærmelser for at opnå hurtigere modelleringsværktøjer. Der er i denne sammenhæng udviklet tre
IX
vigtige bidrag. Den første er en multibody tribodynamik modellerings metode, hvor smørefilmens
vægspændingsvektor er analytisk koblet med en Newton-Euler multibody dynamik tilgang. Den
anden er en piezoviskøs kortleje løsning, der gælder for olie baseret hydrauliske smørefilm, hvor
en række nødvendige betingelser for at retfærdiggøre brugen af denne løsning er udarbejdet. Den
tredje er en asymptotisk tilnærmelse af laminar smørefilm termiske felt ved lav reduceret Peclet
og Brinkman nummer. Desuden er en dynamisk analyse af tribodynamik i det initierende de-
sign af fortrængningsmotoren udført, hvilket giver indblik i den udfordring det er at udføre mere
avancerede tribodynamiske simulationer, og samtidig praktisk kunne udføre en bred design analyse
og design optimering.
X
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NOMENCLATURE
General
Matrices are in boldface upper-case characters.
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eˆ − Unit vector
eˆy [0 1 0]
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m3
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1
INTRODUCTION
In fluid power engineering efficiency and reliability optimization have become a major objective.
The use of fluid power transmission, in wind and wave energy applications, has produced high
requirements for efficiency and reliability in order to compete with other transmission systems.
Furthermore, a recent study has shown that there is a significant economic and environmental
potential in reduction of energy losses within mobile hydraulics [1].
A significant problem, concerning fluid power motoring and pumping units, is that loss mecha-
nisms do not scale down with diminishing power throughput. Although machines can reach peak
efficiencies above 95%, the actual efficiency during operation, which includes part-load situations,
is much lower [2]. The invention of digital fluid power displacement units have been able to address
this problem and this entail feasible application of fluid power drives in otherwise inaccessible ar-
eas.
The first development of the digital fluid power displacement technology occurred in the 1980s
at the University of Edinburgh, which produced the pioneering spin-off company Artemis Intel-
ligent Power [3]. The digital fluid power displacement technology is based, the principle shown
in Fig. 1.1, with a displacement chamber and two valves, which is connected to the low pressure
manifold and the high pressure manifold. The digital fluid power displacement unit is operated by
opening and closing the two valves depending on the displacement stroke, enabling the ability to
perform pumping operation, motoring operation or idling operation.
At pumping operation the low pressure valve is open during intake stroke, thereby low pressure
fluid is lead into the displacement chamber. During discharge stroke, the low pressure valve is
closed which leads to fluid pressurization, and the high pressure valve is opened whereby the
pressurized fluid is lead to the high pressure manifold. In pumping operation it is possible to use a
check valve as high pressure valve, whereby only the low pressure valve needs to be actuated. In
motoring operation the high pressure valve is open during intake stroke, whereby pressurized fluid
from the high pressure manifold attempts to expand the displacement chamber. The low pressure
valve is subsequently open during discharge stroke. At the idling operation the low pressure valve
is open during both intake and discharge stroke. The ability to perform idling operation is a key
aspect of the digital fluid power displacement technology. By utilizing the idling operation the
unit displacement can be varied, and as the displacement configuration can be modified rapidly, a
digital fluid power displacement unit can be used directly to actuate varying loads without the need
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Low 
pressure
manifold
High 
pressure
manifold
Low pressure 
valve
Piston
High pressure 
valve
Displacement 
chamber
Figure 1.1: Digital fluid power displacement principle
for flow control valves, and the associated energy loss.
In the following the initial design process of a megawatt (MW) motor for use in a fluid power drive
train in wind turbines is treated. Initially the considerations on topological selection are described,
which forms the basis of a morphological analysis of radial piston topologies with internal piston
support. In addition, a topology selection is performed and a preliminary design is presented.
1.1 Digital Fluid Power Displacement MW-motors
The utilization of fluid power transmissions in sustainable energy technology as wind and wave
power entails an interest in energy efficient components for fluid power transmissions with MW
power output capability [4]. Most of the high power fluid power motors have evolved for uses
in fields with high force and low velocities such as earth-moving, ship-steering and heavy-metal
forming [5]. Consequently, the amount of existing fluid power motors, which are suitable for
applications where the purpose is to drive an electric synchronous generator with MW output
capability, is limited.
In 2007 Artemis Intelligent Power began working on a 1.6MW wind turbine transmission proto-
type with two 800 kW digital hydraulic motors, and this prototype, shown in Fig. 1.2, was com-
pleted in 2009 [6]. In 2010 the digital fluid power displacement technology was recognized by
Mitsubishi Heavy Industries (MHI), which acquired Artemis Intelligent Power in order to imple-
ment the technology in wind turbines. The same year MHI began development of a 7MW offshore
wind turbine, with fluid power transmission. In 2012 a downsized 1.6MW version, of the 7MW
transmission design, was implemented in the first offshore wind turbine with digital fluid power
displacement technology. In 2013 the first test on the 7MW transmission was performed. The
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two 3.5MW digital fluid power motors in this transmission constitute the state of the art in digital
fluid power MW-motors [7].
Figure 1.2: MHI Digital Displacementr pump and motor prototypes [7]
State of the art digital fluid power motors are based on the radial piston principle with internal
piston support. Salter [5] discusses several reasons as basis for the use of the radial piston prin-
ciple. As high working pressure is necessary in order to obtain compact systems, the piston type
topologies are favored, because in conditions of high pressure round objects stay round and do not
suffer from stress concentrations at corners. Furthermore, the topology based on the radial piston
principle entail plenty of space for large valves with short flow passages and low energy loss. Ad-
ditionally, Salter points out an advantage of being able to mount multiple radial piston setups on
a single shaft. In addition, the use of reciprocating working chambers, where chamber pressure
is both high and low during a cycle, enables a pressurization of the working chamber prior to the
opening of the high pressure valve. This entail that the high pressure valve can be designed to open
at low pressure difference, which is preferable in consideration of flow loss. Salter presents a topol-
ogy with hollow pistons on basis of an efficiency consideration. The working pressure expands the
pistons inside the cylinders, whereby higher sealing capability at high pressure is achieved. On the
contrary, higher clearance and thereby lower friction is achieved at low pressure in the cylinders.
The arguments in favor of radial piston topologies form the basis for limiting the topological selec-
tion in this dissertation, such that focus is concentrated on topologies with radial piston setup and
internal piston support.
1.2 Morphological topology generation
The domain of radial piston designs is immense and in order to obtain an overview of possible
design topologies an appropriate method is beneficial. Therefore, in order to choose a radial piston
topology, a series of limiting requirements and a morphological design process are utilized.
The installation of a fluid power transmission in a wind turbine entails a pursuit for compact design.
A reasonable requirement for the radial piston topology is the ability to have circumferentially
distributed pistons around the shaft at the same axial position, which enables a modularity of the
machine, whereby the combination of several circumferential piston setups along the shaft provide
the desired power throughput. In consequence, it is chosen to seek a planar mechanism. In addition,
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the mechanism of a fluid power displacement unit is mounted within a housing, as shown in Fig.1.2,
whereby the mechanism is a closed-chain, namely a chain of links connected to the housing at both
ends.
Non-conformal
Link 1
Prismatic
Revolute
Non-conformal
Link 2
Prismatic
Revolute
Non-conformal
Prismatic
Revolute
Housing HousingLink 3
Non-conformal
Prismatic
Revolute
Figure 1.3: Morphological chart
A morphological design chart for a planar mechanism is shown in Fig.1.3. Three joints are possible
in the planar mechanism, which are revolute, prismatic and non-conformal joints as shown in
Fig. 1.4. As the main objective of the linkage is to convert a rotation of the shaft to translational
motion, and thereby a displacement chamber for the working fluid, the housing must be connected
to a body in the linkage by a revolute joint. This constraint is imposed in the first step in the
morphological design chart, where a revolute joint is required between the housing and the next
body, which thereby constitute the shaft.
Revolute Prismatic Non-conformal
Figure 1.4: Planar linkage joints
A mechanism with a housing and a maximum of three links entail 27 different morphological com-
binations, however the main goal is to achieve one degree of freedom, which convert rotation to
translation. On this basis, the Chebychev-Grübler-Kutzbach criterion is used to refine the morpho-
logical combinations, such that only single degree of freedom mechanisms are considered. The
criterion is given as
DOF = 3(n− 1)− 2LO −HI (1.1)
where n denotes the number of bodies in the chain, LO the number of revolute and prismatic joints
and HI the number of non-conformal joints [8].
The use of the Chebychev-Grübler-Kutzbach criterion reduces the morphological combination can-
didates to 12 mechanisms, which is listed in Fig. 1.5. These mechanisms are reviewed in further
detail in the following, whereby the applicability is determined.
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Revolute (R)
Revolute (R)
Non-conformal (N)
Prismatic (P)
RNR RNP
RRRR RRPR RRRP RRN RRPP
RPN RPPP RPPR RPRP RPRR
Figure 1.5: Morphological combinations
Revolute Revolute
Advancing through the morphological design chart by a revolute connection between link 1 and
link 2, reduces the single degree of freedom designs to six, which is termed the Revolute Revolute
group of morphological combinations.
A morphological combination of four revolute joints is a single degree of freedom mechanism.
However, this is also known as a planar four-bar linkage, which is shown in Fig. 1.6, and is consid-
ered of no use in digital fluid power displacement units.
Non-conformal
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Prismatic
Revolute
Non-conformal
Link 2
Prismatic
Revolute
Non-conformal
Prismatic
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Housing HousingLink 3
Non-conformal
Prismatic
Revolute
Figure 1.6: Revolute Revolute Revolute Revolute (RRRR). n = 4, LO = 4, HI = 0,
DOF = 1
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The RRPP linkage is shown in Fig. 1.7. This mechanism provides conversion of rotation to transla-
tion by use of three bodies. The shaft is connected to a polygon-ring with a revolute joint, whereby
it is translated in a circle around the shaft. A piston is connected to the polygon-ring and the hous-
ing by prismatic joints, which entail an oscillating linear motion of the piston. Consequently, this
topology is suited for use in fluid power displacement units.
Non-conformal
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Prismatic
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Housing HousingLink 3
Non-conformal
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Revolute
Figure 1.7: Revolute Revolute Prismatic Prismatic (RRPP). n = 4, LO = 4, HI = 0,
DOF = 1
The combination of two revolute joints, a prismatic joint and revolute joint, produces the mecha-
nism shown in Fig. 1.8. The RRPR linkage is a telescopic piston-cylinder system. The rotation of
the shaft entail a pivoting motion of the piston and cylinder, whereby the principle have a benefit
of directing fluid forces exerted on the piston to the eccentric without any connecting rod. This
mechanism is also known as the Calzoni principle, which is available in commercial motors. The
first digital motors developed by Artemis Intelligent Power are based on this mechanism [9].
Non-conformal
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Housing HousingLink 3
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Figure 1.8: Revolute Revolute Prismatic Revolute (RRPR). n = 4, LO = 4, HI = 0,
DOF = 1
A principle utilizing a connecting rod, between piston and eccentric, is the crank-slider mechanism.
The morphological combinations RRRP, which is shown in Fig. 1.9, produce this mechanism. The
crank-slider is widely used for conversion of rotation to translation, and the MHI 3.5 MW digital
fluid power motors is based on this mechanism [7].
The combination of two revolute joints and a subsequent non-conformal joint result in the RRN
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Figure 1.9: Revolute Revolute Revolute Prismatic (RRRP). n = 4, LO = 4, HI = 0,
DOF = 1
mechanism, which is illustrated in Fig. 1.10. This mechanism is somewhat similar to the crank-
slider mechanism, comprised by the morphological combination RRRP, however instead of having
a connection rod to the piston, which rotates with respect to the piston, the non-conformal joint
between the piston and cylinder accomplish both rotation and translation. A non-conformal piston-
cylinder interface is also used in the axial piston floating cup principle [10].
Non-conformal
Link 1
Prismatic
Revolute
Non-conformal
Link 2
Prismatic
Revolute
Non-conformal
Prismatic
Revolute
Housing Housing
Figure 1.10: Revolute Revolute Non-conformal (RRN). n = 3, LO = 2, HI = 1, DOF =
1
Revolute Prismatic
A prismatic connection between link 1 and link 2 produce 5 morphological combinations with a
single degree of freedom. These are collected in the Revolute Prismatic group.
The RPRR mechanism, illustrated in Fig. 1.11, is a telescopic piston-cylinder linkage. The mech-
anism is associated with the RRPR linkage, shown in Fig. 1.8, by being the reverse morphological
combination. The rotation of the shaft in the RPRR linkage is, contrarily to the RRPR, limited and
therefore of no use in wind turbine transmissions.
In Fig. 1.12 the RPRP mechanism is shown. This is also a topology with limited shaft rotation.
Additionally, the fluid forces working on the piston is converted to torque on the shaft with signif-
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Figure 1.11: Revolute Prismatic Revolute Revolute (RPRR). n = 4, LO = 4, HI = 0,
DOF = 1
icant reduction due to reaction forces. Consequently, this topology is of little practical interest to
fluid power displacement units.
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Figure 1.12: Revolute Prismatic Revolute Prismatic (RPRP). n = 4, LO = 4, HI = 0,
DOF = 1
The RPN linkage is similar to the RPRP with the difference of using a non-conformal joint to
reduce the amount of bodies to three. However, the drawbacks are the same and therefore also the
impracticality.
A possible realization of the RPPP mechanism is illustrated in Fig.1.14. Although, the Chebychev-
Grübler-Kutzbach criterion for single degree of freedom linkage is satisfied, this mechanism is
useless in fluid power displacements units, as the shaft is fixed and no rotation can occur.
The RPPR linkage enables displacement of a piston with limited rotation, as illustrated in Fig.1.15.
The rotation of the first link enables piston motion and thereby displacement. Furthermore, the
mechanism is a telescopic piston-cylinder system, where the fluid forces working on the piston is
directly converted to torque around the shaft.
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Figure 1.13: Revolute Prismatic Non-conformal (RPN). n = 3, LO = 2, HI = 1,
DOF = 1
Non-conformal
Link 1
Prismatic
Revolute
Non-conformal
Link 2
Prismatic
Revolute
Non-conformal
Prismatic
Revolute
Housing HousingLink 3
Non-conformal
Prismatic
Revolute
Figure 1.14: Revolute Prismatic Prismatic Prismatic (RPPP). n = 4, LO = 4, HI = 0,
DOF = 1
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Figure 1.15: Revolute Prismatic Prismatic Revolute (RPPR). n = 4, LO = 4, HI = 0,
DOF = 1
In conclusion the revolute prismatic group exhibit limited shaft rotation and therefore these are not
suited for wind turbine transmission.
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Revolute Non-conformal
The choice of a non-conformal joint between link 1 and link 2, results in two single degree of
freedom mechanisms.
In Fig. 1.16 the RNR linkage is illustrated. This is a symmetric linkage chain, where a limited rota-
tion occurs between the housing and links. Consequently, this linkage is of no use in displacement
units aimed at wind turbine transmissions.
Non-conformal
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Prismatic
Revolute
Non-conformal
Link 2
Prismatic
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Non-conformal
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Revolute
Housing Housing
Figure 1.16: Revolute Non-conformal Revolute (RNR). n = 3, LO = 2, HI = 1, DOF =
1
The RNP linkage is shown in Fig. 1.17. This morphological combination is the camshaft design.
The mechanism provides a conversion of unlimited shaft rotation to translational motion, and it is
possible to install multiple pistons in a circumferential distribution around the shaft. This design
is used for digital fluid power pump in the MHI wind turbine transmission with a multi-lobe cam
ring[7].
Non-conformal
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Housing Housing
Figure 1.17: Revolute Non-conformal Prismatic (RNP). n = 3, LO = 2, HI = 1,
DOF = 1
Of these two topologies, only the RNP linkage is useful as displacement unit mechanism from the
Revolute Non-conformal group.
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Topology selection
From the 12 generated topologies only 5 renders useful in digital fluid power displacement units
for wind turbine transmission. The five candidates are shown in Fig. 1.18. With this series of
candidates, follows a proposition, that five closed-chain planar, one degree of freedom, radial pis-
ton mechanisms are applicable for wind turbine transmissions, namely those shown in the figure.
The ambition of optimum design, with respect to efficiency and reliability, necessitates a thor-
ough analysis of loss and failure mechanisms of these topological candidates. Accomplishment
of such analysis is a challenge, for each of the topologies, both due to the scope of the problem
and the difficulty of simulation and measurement of tribological dynamics. In this dissertation, the
thoroughness of the design process is lessened, and reduced to a choice of topology and a further
detailed preliminary design, based on engineering judgement, such that the effort of this work is
concentrated on the analysis of tribological dynamics. The development of an analysis method is
a common problem for all the topological candidates, and the establishment of such an analysis is
the largest progress to be made, in order to obtain the optimum design.
Camshaft Crank-slider Telescopic
Piston-cylinder
Polygon-ring Crank-slider
(Non-conformal)
Figure 1.18: Topology candidates
In this dissertation the telescopic piston-cylinder topology is chosen for further analysis. This
choice is based on two reasoning’s. The first is based on the engineering judgement that conformal
joints in comparison to non-conformal joints is subject to lower lubricant pressure levels and leak-
age flow, wherefore the chosen topology is without non-conformal joints. In addition, the property
that the pressure force line of action is aligned with the eccentric center is considered interesting
with respect to lateral forces on the piston. However, this does not signify that this topology is con-
cluded to be superior, in terms of efficiency and reliability. In fact, the choice of superior topology
must be based on analysis of all topologies.
1.3 Preliminary MW-Motor Design
An initial design of the chosen topology is the first step to advance from the topological selection.
A tribodynamic simulation model of this design, based on the theoretical foundation developed
in chapter 2 and 3, is presented in chapter 4. In addition, a series of results from tribodynamic
simulations of this design are presented in chapter 5, whereby the complexity and usefulness of
tribodynamics are evident.
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Table 1.1: Motor Specifications
Piston diameter 60mm
Stroke length 50mm
Chamber displacement 141.4 cm3
Operating speed 1500RPM
Operating pressure 350Bar
Single module specific theoretical torque 15.75 Nm
Bar
Single module displacement 989.6 cm3
Single module full load power throughput 866 kW
Six module full load power throughput 5.196MW
Six module specific theoretical torque 94.5 Nm
Bar
Six module displacement 5937.6 cm3
The preliminary design of the MW-motor is based on a modular design, shown in Fig. 1.19. A
series of motor specification are given Tab. 1.1. In order to obtain a MW-motor multiple radial
piston modules are combined to achieve the desired power throughout. As an example, a motor
with approximately 5MW is obtained by combination of 6 modules, which yields a 42 piston
motor with a total displacement of 5937.6 cm3.
A thorough description of the design process is beyond the scope of this dissertation. However,
the piston and cylinder components are dimensioned in order to accommodate fatigue life require-
ments. A section view of the motor is provided in Fig.1.20. This figure shows the main components
comprised by the valve groups, housing, cylinder, piston and eccentric. The tribodynamic system
of focus in this dissertation is limited to the interfaces between housing, cylinder, piston and eccen-
tric, which are indicated on the figure. A significant aspect concerning these tribological interfaces
is the length, which is given in Tab.1.2. These interfaces are termed to be short, which is elaborated
further in chapter 3 and 4. This common characterization is very beneficial for the development of
a computational efficient tribodynamic simulation.
Table 1.2: Lengths of tribological interfaces
Cylinder-housing interface length 4.4mm
Piston-Cylinder top interface length 10mm
Piston-Cylinder bottom interface length 10mm
Piston-Eccentric interface length 6.4mm
In Fig.1.21 a comparison of piston displacements as function of velocity for a series of commercial
motors and the preliminary design are shown. This comparison shows how the preliminary design
deviates from the commercial units by raising the displacement at high velocity. This is a direct
consequence of the aim to design a compact high power motor, whereby the piston displacement
necessarily is raised in comparison to already available motors in order to reach sufficient power
throughput and avoiding excessive axial dimensions of the unit.
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Figure 1.19: Digital Motor Module
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Figure 1.20: Digital Motor Module
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In conclusion, a topological generation method, which uses a morphological design chart and the
Chebychev-Grübler-Kutzbach criterion, leads to a series of feasible topologies. Using engineer-
ing judgement, a choice to examine the applicability of the telescopic piston-cylinder topology
is made. A tribodynamic analysis, of the established preliminary design, is necessary to ensure
proper operation of the motor. A procedure to progress in the design process could be to manu-
facture a prototype and through experimental testing, along with iterative re-adjusting the design,
complete the development of a functional motor. However, such iterations on a MW-motor entail
a significant cost. In addition, the aim to reach optimality of the design by analysis of multiple
topologies, by an experimental approach, constitutes a further increased economic barrier. An al-
ternative approach is the use of virtual design, whereby a tribodynamic simulation model is used
to perform the design iteration, before a further design iteration process in the laboratory with a
full-scale prototype is executed.
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Figure 1.21: Comparison of displacement as function of velocity for a series of commercial
motors, based on the telescopic piston-cylinder system, and the preliminary design presented
in this dissertation[11, 12, 13, 14]
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1.4 Virtual Motor Design and Tribology
The main idea of digital fluid power motors is the ability to idle displacement chambers individu-
ally. This means that single chambers are disabled such that no output power is produced, whereby
the design of sliding and sealing surfaces becomes very important, in the context of power loss min-
imization. The study of such surfaces is the study tribology, the science and technology of friction,
lubrication and wear. Consequently, useful tribological design methods and tools are important to
development of digital fluid power machines.
Present dissertation is part of a research program focusing on the development of digital fluid
power MW-motors for use in hydraulic drive train in wind turbines. As part of this development
the design, analysis and optimization of an efficient and reliable motor is essential. On this basis,
an aim of the research project is the development of a suitable tool and methodology in order to
reach an optimum design. In this context, the main focus of this dissertation is on the development
of a useful tribodynamic modeling framework.
As an introduction to the dissertation a historical review of the tribological theory and the fluid
power tribology research is provided in the following. Furthermore, a clarification of the disserta-
tion objective is given and finally the dissertation outline is provided.
1.5 Historical Review of Lubrication Theory
The first research in tribological theory dates back to the 16th century, with experiments by Leonardo
da Vinci. The following 300 years contributions were made by Amontons, Desagulier, Euler and
Coulomb, which were on the subject of dry sliding [15]. In the late 19th century Beauchamp Tower
and Petrov discovered hydrodynamic lubrication through experimental research. This discovery
leads Rayleigh, Stokes and Reynolds to seek a theoretical treatment of the lubrication mechanism.
In his famous 1886 paper Reynolds [16] founded the theory of hydrodynamic lubrication.
The difficulty of obtaining two dimensional pressure field solutions to the Reynolds equation com-
plicated the application to bearing design. In 1904 Sommerfeld [17] presents the infinite bearing
theory, which enables the solutions of Reynolds equation for journal bearings by neglecting pres-
sure driven flow, termed Poiseuille flow, in the axial direction. About fifty years later, Dubois
and Ockvirk [18], describe the short bearing theory, where the solution to Reynolds equations for
journal bearings is obtained by neglecting circumferential Poiseuille flow. As an example, a fixed
incline surface bearing, as shown in Fig. 1.22, can be modeled by short bearing theory using the
assumption that the bearing length in the z-direction is zero. On the contrary, the infinite bearing
theory invokes the assumption that the bearing length in the z-direction is infinite. In general the
obtainable analytical solutions of Reynolds equation is performed by neglecting Poiseuille flow in
one direction, however for analysis of thrust bearings the short bearing and infinite bearing entails
that side leakage is neglected, which leads to little practical use of the solutions.
In 1916 H. M. Martin studied the solution of a rigid cylinder rolling on a plane. He applied
Reynolds theory of lubrication but found a negative conclusion on the existence of continuous
fluid film. However, this is in contradiction to experimental evidence and over two decades should
pass before Ertel and Grubin provided significant extensions of Reynolds theory with inclusion
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Figure 1.22: Fixed incline surface bearing
of elastic deformation of solids and pressure dependent viscosity, such that satisfactory solutions
could be obtained [15]. This marks the birth of ElastoHydrodynamic Lubrication (EHL) theory.
Analysis of bearings using the EHL theory have produced an extensive literature and have become
well established for non-conformal contacts, due to the use of hertzian theory [19].
The difficulty of obtaining solutions to Reynolds equation was further reduced with the arrival of
the digital computer. At present solutions to tribological problems including surface roughness,
elastic deformation, thermal field calculations and variation of fluid properties with both pressure
and temperature are studied. However, problems as sufficient discretization and impractical simu-
lation durations have emerged from the application of computer-aided analysis, which for instance
is very significant with the inclusion of surface roughness [20].
1.6 Lubrication Modeling in Fluid Power Motors
The design engineers and researchers within the field of fluid power have attempted to model loss
mechanisms in over sixty years. In the past quarter of a decade an increasing interest in accurate
prediction of fluid film behavior have occurred, which is a necessity for optimization of machine
efficiency and reliability. In order to provide an overview of lubrication modeling in fluid power
the most significant contributions is described in the following, which is divided into steady-state
system loss models, analytical lubrication models and numerical lubrication models.
Steady-State System Loss Models
Steady-state loss models have been used in modeling of hydraulic machines since the middle of
the 20th century. These models are characterized by the use of steady state characteristic measure-
ments in order to adapt the models to hydraulic displacement units, and describe losses by use of
displacement volume, pressure difference, rotational speed and viscosity.
Kohmäscher et al. [21], Rahmfeld and Meincke [22] and Huhtala and Vilenius [23] provide an
overview and comparison of steady-state loss models. Kohmäscher et al., Rahmfeld and Meincke
describe a type of steady state models, which are established by physical based symbolic expres-
sions adapted to the hydraulic units through measurements. According to Rahmfeld and Meincke,
Wilson [24] firstly defined a model in 1948, which approximated leakage flow Qp and friction
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torque Mp for fixed displacement hydraulic pumps and motors as
Qp = ε Vp np − Cs Vp ∆Pp
2pi µ
−QR (1.2)
Mp = ε
Vp np
2pi
+ Cf
Vp ∆Pp
2pi
+ Cd µVp np +Mc (1.3)
where
Vp Volumetric displacement
np Rotational speed
∆Pp Pressure difference
QR Empirical constant leakage flow term
Mc Empirical constant friction term
Cd Empirical viscous friction coefficient
Cf Empirical coulomb friction coefficient
Cs Empirical laminar leakage coefficient
µ Viscosity
This model provided the basis for much of the future development in physical based steady-state
loss models. According to Kohmäscher et al. more complex models were developed the succeeding
fifty years by i.a. Schlösser [25], Thoma [26], Olsson [27], Pacey et al. [28], Zarotti and Nevegna
[29], Rydberg [30], Bavendiek [31] and Kögl [32].
Another type of steady-state loss models is based on non-physical expressions as for example
polynomial fitting or neural networks. According to the overview by Kohmäscher et al. these
models have been the dominating development the last thirty years in publications by i.a. Ivantsyn
and Ivantysynova [33], Huhtala [34], Baum [35] and Ortwig [36].
Huhtala and Vilenius argue that clearance variations in the hydraulic machines cause drawback
for the empirical models. Furthermore, Rahmfeld and Meincke concluded that all the physical
based models suffered in accuracy on basis of a comparison, between the most complex physical
based model by Bavendiek and the polynomial model by Ivantsyn and Ivantysynova. Kohmäscher
et al. and Rahmfeld and Meincke concluded that the polynomial model, proposed by Ivantsyn
and Ivantysynova, and the neural network model, proposed by Baum, provided the most accurate
results in a comparison to the other steady state models, whereby these are regarded as state of the
art steady state models.
Analytical Lubrication Models
The use of the analytical approach in modeling of friction and leakage is a complex task, which
involves limitations due to the complexity of the governing equations. Further complexity is added
to the task where asperity contact, rigid body motions or surface elasticity is of significance. How-
ever, despite the challenges in development of analytical models research are still conducted in
fluid power applications. Bergada et al. [37] argue that the value of the analytical approach is that
explicit equations allow a more direct understanding of how change of dimension and operating
conditions affect motor dynamics and efficiency.
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Meikandan et al. [38] perform a theoretical investigation of tapered pistons in hydraulic machines,
where the pressure distribution in the piston-cylinder sealing gap is found on basis of short fixed
incline surface bearing solutions.
Bergada et al. [39] utilize the Reynolds equation in polar coordinates to model steady incompress-
ible isothermal leakage flow in a slipper-swashplate interface. In the model fluid properties are
assumed constant and the pressure distribution is limited to the radial direction.
Johnson and Manring [40] analyzed the hydrostatic circular thrust bearing in the slipper-swashplate
assembly of an axial piston machine. This analysis was conducted assuming steady incompressible
isothermal flow with constant fluid properties. Furthermore, the slipper-swashplate assembly was
analyzed assuming that slipper surfaces are parallel to the swashplate, whereby the Reynolds equa-
tion reduces to Laplace’s equation, which were solved for a pressure distribution in both angular
and radial direction.
In order to obtain even more advanced analytical models some authors have utilized perturbation
theory in order to approximate solutions of the Reynolds equation. Iboshi and Yamaguchi [41]
analyzed slipper dynamics analytically with the Reynolds equation, by use of perturbation theory,
considering slipper spin, slipper tangential velocity and a pressure distribution in both angular
and radial direction. Similar methods were used by Yamaguchi and Tanioka [42, 43] for analysis
of piston motion in hydraulic piston type machines, whereby they perform an analytical study of
stability in order to explain causes of hydraulic lock in piston-cylinder assemblies and spool valves.
In total a series of simplified analytical approaches are utilized in modeling of friction and leakage
in hydraulic machines. The models are based on simplifications with the assumption of steady
incompressible isothermal flows and constant fluid parameters. A fundamental issue in fluid power
machines, with regard to analytical modelling is the presence of conformal joints. The modelling of
non-conformal joints is better developed with analytical EHL theory. Some of these are described
by Kudish and Covitch [44, 45], where asymptotic expansion methods are utilized for analytically
approximating solutions.
Numerical Lubrication Models
The use of numerical methods, in order to solve governing equations of leakage and friction in
fluid power motors, enable solutions with highest level of complexity relative to the empirical and
analytical models. Numerical iteration enable solution of three dimensional pressure, velocity and
temperature fields, which is difficult to measure and maybe impossible to solve analytical.
The use of numerical methods in modeling of lubricating gaps in fluid power motors has been
widely used after sufficient computational power has become accessible. One of the early uses
of computer processing to study fluid power piston motion was performed by Yamaguchi [46],
whereby an asymptotic approximation of the pressure field were incorporated into the equations
of motion, which constituted a set of ordinary differential equations that were solved numerically.
This is the first theoretical work, which indicated that tapered piston shape may be beneficial to
stability of the lubrication film. The use of numerical solutions to Reynolds equation dates back
to the middle of the 20th century, however it is not until Ivantysynova(1983) [47, 48] presents a
non-isothermal model, where lubricant properties varied with pressure and temperature, that the
first significant development of advanced tribological models in fluid power displacement ma-
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chines were performed. Fang and Shirakashi [49] applied the force balance condition, whereby
the lubricant forces in the tribological interface balance the external forces. This approach was
further used by Olems [50] that utilized a non-isothermal model, wherein the force balance were
obtained by a Newton-Raphson approach. The importance of elastic effects in tribology has been
recognized since the middle of the 20th century. The first utilized EHL model, in fluid power
displacement unit tribology, was proposed by Huang and Ivantysynova [51] considering elastic
deformation in the piston-cylinder assembly of an axial piston machine. Further advance of the
tribology in fluid power displacement units is the incorporation of elastic deformation due to both
pressure and temperature in order to perform ThermoElastoHydrodynamic (TEHD) simulation.
Pelosi and Ivantysynova [52] achieve such simulation model by further developing the work of
Olems, Huang and Ivantysynova. The effects of surface roughness and fluid inertia have also been
studied. Yamaguchi and Matsuoka [53] include surface roughness modeling in order to account
for mixed friction and Kumar et al. [54] utilize the Navier-stokes equations in order to solve the
pressure distribution, whereby the assumptions which forms the basis of the Reynolds equation are
omitted.
In conclusion state of the art models have evolved immensely since the first uses of digital compu-
tation, and does now include rigid body motion, non-isothermal flow, surface elasticity and fluid
properties as function of pressure and temperature.
1.7 Towards a Tribodynamic Design Tool
The research performed within the last forty years clearly underlines that researchers and design
engineers have tried to understand fluid power displacement unit tribology in order to design ma-
chines with higher efficiencies and reliability. From the tribological viewpoint fluid power dis-
placement units are a system of lubricated interfaces. The dynamics of these determine the ef-
ficiency and reliability of the system [55]. A fundamental task in tribodynamic simulation of
displacement units is to determine the kinematics of the tribological interfaces. The kinematics is
governed by a system of multiple bodies undergoing spatial rotation, translation and elastic defor-
mation, and this multibody dynamics is affected by forces, which are governed by fluid mechanics,
thermodynamics and rheology.
As described in former section a whole series of research studying individual interfaces in fluid
power motoring and pumping units have been conducted. In addition, an increasing amount of
work concerning the fluid power motor system tribodynamics has been published. The study of
lubricated system can be divided into two categories. The force balance models, which assume that
external loads on an interface is balanced by fluid forces effectively neglecting inertia of bounding
solids in the micro dynamics. The other approach incorporate Newtons second law of motion with
the inertia terms of bounding solids in order to determine micro dynamics.
The assumption of force balance dates back to early analytical studies of tribology. However, the
first simulation model, which considers the fluid power displacement unit as a system with the
force balance condition, is presented by Wieczorek [56]. The force exchange between the gaps
in this model is based on a simplified analytical approach. The aspect of force exchange between
lubrication interfaces is further studied on a similar model structure by Zeechi and Ivantysynova
[57]. Schenk et al. [58] furthered this model incorporating three sliding interfaces of an axial
1.7. TOWARDS A TRIBODYNAMIC DESIGN TOOL 21
piston pump.
The approach of including inertia of bounding solids in tribodynamic simulation of fluid power
displacement units has received little attention. Johansen et al. [59] presents a model of a radial
piston motor with internal piston support, where all sliding surfaces are coupled through the use of
a Newton-Euler formulation of the piston and cylinders spatial motion. In addition, an increasing
number of publications on systems with multiple lubricated clearances have been published the
last decade [60, 61, 62].
Improving Practicality
A fundamental issue with tribodynamic systems modeling is the computational effort. The am-
bition of solving the partial differential equations, which governs the physics in tribodynamics,
is closely followed by careful use of efficient computational code. Pelosi and Ivantysynova [63]
discuss the significance of algorithm efficiency and improve their model with a geometric multi-
grid solver. Flores [64] approaches the computational efficiency issue by making a compromise
between accuracy and duration, through the utilization of analytical approximations. Szeri [15] un-
derlines that the short and infinite bearing theories still remain useful, when considering dynamic
simulation, where oil film forces must be evaluated at each time step, leading to considerable vol-
ume of computations. The overall aim of tribodynamic modeling is to overcome the difficult task
to seek the optimum design. However, until now only very limited optimization have been per-
formed with existing tribodynamic models, which is attributed to impractical simulation durations.
Schenk et al. [58] mention that a potential use of their models is the visualization and study of
physical phenomenon, which is difficult to measure. The state of the art reveals that for very ad-
vanced models the use becomes limited to numerical experiments, rather than calculation of object
functions in optimization algorithms.
In Fig. 1.23 an illustrative explanation of the relation between simulation duration and accuracy is
shown. It is obvious that a lower bound on simulation accuracy exist, whereas the results would
render useless otherwise. Additionally, an upper bound exists on the simulation duration, because
the model becomes impractical for use as a design tool or incorporation in an optimization loop.
These bounds limit the space of useful simulation models and thereby prompt requirements for the
model developers.
The highest ambition within development of a tribodynamic model is the ability to perform sim-
ulations with sufficient accuracy in no time. Though, the advancement of virtual tribodynamics
design tools entail a wide range of areas, and these encompasses efficient coding, high processing
capacity and analytical approximations. The focus of this dissertation is on the development of
analytical approximation applicable to oil hydraulics.
The analytical solution of the governing differential equations in tribodynamics is extremely chal-
lenging or impossible to obtain, whereby this aspects is not included in this discussion, although
it probably would be beneficial in terms of both simulation accuracy and duration. However, a
possibility of developing faster models with sufficient accuracy may be the use of analytical ap-
proximations in the model. Assumptions of quasi-static temperature and pressure fields in fluid
films are used by various authors in order to analytically approximate the governing equations.
In addition, asymptotic methods and the Homotopy Analysis Method are examples of means to
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Figure 1.23: Illustrative explanation of simulation duration-accuracy relation
derive approximations [65, 66]. In this dissertation a main contribution to the field of fluid power
tribodynamics is an analytical thermal field approximation obtained by the use of a regular pertur-
bation solution. In addition, a piezoviscous hydrodynamic short bearing solution applicable to oil
hydraulics is presented.
Design Methodology
The inherent challenge of measuring physical quantities in tribological interfaces still leaves the
field with open problems, in order to prove accuracy and fully explain the influential aspects of
the physics, as for example surface roughness and transient film pressure, involved in tribological
interface dynamics. Consequently, it seems naive to seek optimum solutions purely by means of
very advanced model. On this basis, an alternative approach to optimum design of fluid power dis-
placement machines is suggested in this thesis, which is shown in Fig. 1.24. In the first step of the
design process a topological selection is performed, based on application framework, existing and
new ideas, experience, engineering judgement and prospective methods. The basic idea is there-
after to utilize a simplified model to perform wide-scale design analysis and subsequently refine
the design space, and then models, which to a reasonable extent encompass all related physics, are
utilized prior to prototype preparation. This is indeed not a novel design approach, however within
tribodynamics it is an acknowledgement of the advanced state of the art models being impractical in
wide-scale design analysis, due to high simulation durations. The use of a similar design approach
is used by Sasaki et al. [67] in the development of a large capacity hydrostatic transmission.
In this dissertation attention is on the development of a simplified model practical for wide-scale
analysis. The main contributions in this context is a multibody dynamics framework, for systems
with spatial conformal lubricated joint, and a dynamical analysis of the tribodynamic system, in a
digital fluid power displacement unit, with such a model.
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1.8 Dissertation Outline
The main focus of this dissertation is on theoretical tribodynamics. However, a technological
research contribution, concerning the development of hydraulic transmission for wind turbines,
are made by a morphological analysis of closed-chain planar, one degree of freedom, radial piston
mechanisms for wind turbine transmissions. Concerning theoretical tribodynamics, a tribodynamic
modeling framework is developed. This modeling framework is thereafter applied, and the results
are discussed. The main contributions to tribodynamic modeling of digital fluid power displace-
ment units are as follow.
• A multibody tribodynamic modeling framework where the lubricant wall stress vector is
analytically coupled with a Newton-Euler multibody dynamics approach.
• A piezoviscous short bearing solution applicable to oil hydraulic lubrication films, where a
series of necessary conditions, in order to justify the use of this solution, are elaborated.
• The development and evaluation of a simplified tribodynamic model of a radial piston motor
topology, which provide insight to the challenge of performing more advanced tribodynamic
simulation, while retaining practicality of the simulation model with regard to wide-scale
design analysis and optimization purposes.
• An asymptotic approximation of laminar lubrication thermal fields at low reduced Peclet and
Brinkman number.
The multibody tribodynamic framework is presented in chapter 2. Subsequently, the piezoviscous
approach to lubrication in oil hydraulics is elaborated in chapter 3. In chapter 4, the theoretical
basis developed in chapter 2 and 3, are applied to the preliminary design of the digital fluid power
displacement motor. The results from a series of simulations with this model are discussed in
chapter 5. Furthermore, the asymptotic approximation of laminar lubrication thermal fields at low
reduced Peclet and Brinkman number are presented in chapter 6. Finally, chapter 7 recapitulates
on conclusions regarding the main aspects and results, together with an outline of the interesting
subjects for further research.
2
MULTIBODY TRIBODYNAMICS IN DISPLACEMENT UNITS
Multibody tribodynamics seek to include clearance effects into the motion of the bodies. Depend-
ing on the lubrication regime considered the clearance forces entail different modeling strategies.
In this dissertation the focus is on a fluid power displacement unit design, with full film lubrication,
whereby only hydrodynamic theory is considered.
A concern in the development of such multibody dynamics models is computational efficiency.
The most tempting idea of tribodynamic simulation is the immediate use of commercial avail-
able numerical partial differential equation solvers to model multiple fluid domains coupled with
multibody mechanics. This approach becomes nonetheless a challenge due to the stiffness of tri-
bodynamic systems [59]. Following the approach of Flores [64], the focus in this dissertation
is a multibody dynamics scheme, where the equations of motion and the hydrodynamic pressure
equation is coupled in an analytical framework, thereby enabling analytical approximation of the
pressure field in an effort to obtain sufficient computational efficiency to permit wide scale design
analysis.
In conventional multibody dynamics formulations the systems are described by a set of kinematic
constraints. However, lubricated tribological interfaces in fluid power displacement units do not
impose kinematic constraints like an ideal joint, because the clearance allow for microscopic mo-
tion. Therefore, force constraints are used instead. The hydrodynamic forces in the lubricant are
evaluated from the state variables of the system and included into the equations of motion. In the
classic analysis, assuming that lubricant forces balance with external forces, the joint eccentricities
are calculated from external loading. However, Kudish [68] conclude that non-steady motion of
lubricated systems must be considered based on Newton’s second law. On this basis, the multibody
tribodynamic framework developed in the dissertation is based on proper formulation of the mo-
tion equations including inertia effects in microscopic dynamics. The general method is presented
in this chapter and applied in chapter 4 to model the preliminary MW-motor design.
2.1 Tribological Kinematics
In the past decade an increasing amount of publications regarding multibody dynamics with clear-
ance effects have been published. Flores et al. [62] provide a thorough description of kinematics
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and dynamics of multibody systems with imperfect joints. In this approach the fluid film is assumed
to work under a pure squeeze conditions. By this assumption the fluid forces and joint kinematics
is described by a unit eccentricity vector. This approach forms the basis of most recently published
work concerning multibody lubricated systems [60, 61, 69, 70, 71, 72]. An inherent part of tribody-
namics, in fluid power displacement units, is hydrodynamic wedge effects, whereby the assumption
of pure squeeze condition is inadequate. Hence, a need for a more refined kinematical description
is necessary for fluid power machine modeling, because the hydrodynamic forces due to the wedge
effect necessitates description of the fluid boundary velocities. The overwhelming amount of di-
mensions in the state space of spatial multibody systems, entail the need for a proper methodology,
whereby systematic approach makes the model development manageable. The method proposed in
this dissertation is based on the idea of dividing the tribological interface into a reference body and
a corresponding body, where a surface map describe the lubricant boundary on the reference body,
and together with a fluid film thickness formulations an entire description of the joint geometry is
obtained.
In Fig. 2.1 a general tribological joint is illustrated, where local body fixed frames are positioned
in the center of mass of the bounding solids. The two bodies are denoted by subscripts r and c for
reference and corresponding body respectively. A surface frame oriented by a rotational matrixAs
and positioned by s, are expressed in the reference body frame. In the surface frame the surface
map ϕ (ξ, η) provide a description of the fluid boundary geometry. Hence, a local description of
the tribological surface on the reference body is given as
sr = Asϕ (ξ, η) + s (2.1)
From the points on the reference body fluid boundary, described by Eqn. (2.1), a unit cross-film
vector eˆcr pointing towards the corresponding body fluid boundary is obtained through the use
of the surface map ϕ (ξ, η). In fact, the unit cross-film vector eˆcr is related to the vector basis
{eˆξ, eˆζ , eˆη}, which the lubricant conservation laws are defined with. This vector basis is expressed
as function of the surface mapϕ (ξ, η), and therefore constitutes a fundamental part of the coupling
between the conservation laws defined on the fluid domain and the multibody system formulation.
This vector basis is oriented with the second axis being collinear with the cross-film direction, such
that
eˆξ =
∂
∂ξ
ϕ (ξ, η)∣∣∣ ∂∂ξϕ (ξ, η)∣∣∣ eˆζ =
∂
∂ξ
ϕ (ξ, η)× ∂
∂η
ϕ (ξ, η)∣∣∣ ∂∂ξϕ (ξ, η)× ∂∂ηϕ (ξ, η)∣∣∣ eˆη =
∂
∂η
ϕ (ξ, η)∣∣∣ ∂∂ηϕ (ξ, η)∣∣∣ (2.2)
Depending on the surface frame and the surface map, the basis vector eˆζ is pointing into or out
from the reference surface. Consequently, a correlations factor κ is utilized to expressed the unit
cross-film vector as
eˆcr = κAseˆζ (2.3)
where
κ =
{ −1 if eˆζ is pointing into the reference body
1 if eˆζ is pointing out from the reference body
(2.4)
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This unit cross-film vector is convenient to describe the location of the corresponding body fluid
boundary. As the unit cross-film vector provide the information of the cross-film direction, the
knowledge of fluid film thickness enable an expression of the corresponding surface in the refer-
ence body frame. From Fig. 2.1 it follows that
Acsc + qc = Ar (sr + h (ξ, η) eˆcr) + qr (2.5)
where isolation of sc yields
sc = Ac
T (Ar (sr + h (ξ, η) eˆcr) + qr − qc) (2.6)
This establishment of the local surface vectors sr and sc enables the expression of fluid film
boundary velocities as function of the spatial position, orientation, translation and rotation. These
velocities are, with respect to the global frame, given as
r˙r =
∂
∂t
(Arsr + qr) = Arω˜rsr + q˙r (2.7)
r˙c =
∂
∂t
(Acsc + qc) = Acω˜csc + q˙c (2.8)
Note that the local vector sr and sc are treated as being independent of time in this context,
because it is the global velocity of the body fixed position, which is used as boundary condition for
the lubricant momentum conservation law.
In order to include this global frame expression of fluid boundary velocities into the fluid momen-
tum conservation law it is mapped into the {eˆξ, eˆζ , eˆη} frame. This is performed with a special
orthogonal matrix given as
A = [eˆξ eˆζ eˆη] (2.9)
The fluid boundary velocities on reference and corresponding body is thereby expressed as
φc = A
TAs
TAr
T r˙c (2.10)
φr = A
TAs
TAr
T r˙r (2.11)
Note that these are rotated into the reference body frame, because this is the frame with the surface
map description, wherein hydrodynamic conservation laws are expressed.
In total this approach provide a systematic method to express the joint kinematics as function of
the system states, such that the conservation law can be expressed as function of the multibody
dynamics formulation.
2.2 Motion equations
The coupling between the fluid mechanics and the multibody dynamics is both given by the ex-
pression of the conservation laws as function of system states, and the expression of body motion
equations incorporating the fluid forces. Consequently, it is necessary to define the equations of
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motions in order to express the relation between these equations and the fluid forces obtained by
solving the lubricant conservation equations.
In present framework the Newton-Euler equations of motion are utilized. The chosen convention
is that the translational equations of motion are described in the global frame and the rotational
equations of motion are expressed in a body fixed frame placed in the center of mass. This yields
a set of equations, expressed for the i’th body, as
Mq¨i = fi,lub + fi,ext (2.12)
Jω˙i = ni,lub + ni,ext − ω˜iJωi (2.13)
This global expression of Newton’s equations of motion and local expression of Euler equations
of rotations is the basis of all spatial dynamics described in this dissertation. However, this is a
convention, which could also have been formulated otherwise. Basically, it is a matter of making
the expressions of fluid forces and torques compatible with the chosen convention.
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2.3 Lubricant Wall Stress Vector
Modeling the tribological joint as a continuum entail the use of the Cauchy’s stress principle, which
states that on any imaginary closed surface there is a distribution of stress vectors ψ, such that the
resultant and moment of ψ are equivalent to the resultant and moment of the actual forces that are
exerted by the material outside the surface on the material inside [15]. Consequently, the action
of the lubricant on the solid bounding bodies is represented by a stress vector, and coupling of
the hydrodynamics and the multibody dynamics necessitates a description of such a vector. This
vector is in this dissertation termed the lubricant wall stress vector and defines the stress on the
bounding solid surfaces.
In Fig. 2.2 a lubricant between two bounding solids is shown. The bodies are traveling at velocities
φr and φc respectively. The state of stress in an infinitesimal fluid volume bordering on the
boundary of a solid is completely described by the stress tensor T , given as
T =
 σξξ τξζ τξητζξ σζζ τζη
τηξ τηζ σηη
 =
 ψξψζ
ψη
 (2.14)
The action of the lubricant on the solids is related to the stress vector ψζ . In section 2.1 the
vector basis {eˆξ, eˆζ , eˆη} used for definition of the lubricant conservation laws is described. This
vector basis determines the direction of the stress vector ψζ . Furthermore, the lubricant depicted
in Fig. 2.2 is described in a (ξ, ζ, η) frame with this vector basis. In this example the vector basis
of the ζ axis is pointing from corresponding body to the reference body, whereby the correlation
factor is negative, hence κ = −1. Using this figure, as an example, the surface stress vector on the
reference body ψr opposes the fluid stress vector ψζ
∣∣
ζ=h
. The stress vector on the corresponding
body ψc opposes the fluid stress vector ψζ
∣∣
ζ=0
. In this dissertation the fluid domain is defined
such that the cross-film fluid boundary is located at ζ = 0 and ζ = h(ξ, η). Consequently, if the
cross-film base vector eˆζ is pointing into the reference body, the corresponding body is located at
ζ = 0. On the contrary, if the cross-film base vector eˆζ is pointing out from the reference body,
the reference body is located at ζ = 0. This entails that the lubricant wall stress vectors, acting on
the bounding solids, are defined dependently on the correlation factor κ, such that
ψc = ArAsA

[
τζξ|ζ=0 σζζ |ζ=0 τζη|ζ=0
]T
for κ = −1
−
[
τζξ|ζ=h(ξ,η) σζζ |ζ=h(ξ,η) τζη|ζ=h(ξ,η)
]T
for κ = 1
(2.15)
ψr = ArAsA
 −
[
τζξ|ζ=h(ξ,η) σζζ |ζ=h(ξ,η) τζη|ζ=h(ξ,η)
]T
for κ = −1[
τζξ|ζ=0 σζζ |ζ=0 τζη|ζ=0
]T
for κ = 1
(2.16)
where the definition of the correlation factor κ is given in Eqn. (2.4).
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Figure 2.2: Tribological joint stress interaction
2.4 Hydrodynamic Forces
From the lubricant wall stress vectors, the fluid forces and torques acting on the bounding solids
are obtained through surface integrals. Consequently, the force and torque on the reference and
corresponding body are given as
fr =
∫
ψrdS (2.17)
nr =
∫
s˜rAr
TψrdS (2.18)
fc =
∫
ψcdS (2.19)
nc =
∫
s˜cAc
TψcdS (2.20)
In conclusion the expression of the lubricant wall stress vectors, together with the kinematical
description of the tribological joint, provide a method for determination of fluid action, which is
readily incorporated in the Newton-Euler equations of motion, whereby a multibody tribodynamic
system with force constraints is formulated.
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2.5 Spatial Conformal Joints
The application of the multibody tribodynamics method described in this chapter necessitates a
joint height function. In order to describe the height function further information regarding the
bounding solids are needed. The character of this information depends on the type of tribological
joint. The preliminary design presented in section 1.3 is comprised by conformal joints of cylindri-
cal and spherical type. On this basis, a method for expression of the joint height function is given
for spatial conformal joints of these types in the following.
Cylindrical Joint
In Fig. 2.3 a cylindrical joint is illustrated. In order to describe the cylindrical surface geometry a
mapping is used, which yields
ϕcyl(ξ, η) =
 R cos( ηR )R sin( η
R
)
ξ
 (2.21)
The choice to express the cylindrical map as function of the circumferential arc length is further
elaborated in section 3.5.
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Figure 2.3: Cylindrical joint height description
The height function presented in this section is based on the assumption that the journal, or piston,
is through-going. As a consequence, there exist a coincidence of the two axial axis with the plane,
where xi=0, such that the eccentricity in that plane is given by a vector rec. Additionally, given a
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unit vector eˆa, which describe the axial direction of the corresponding body, a projection ra of eˆa
onto the ξ = 0 plane provide information, concerning the eccentricity dependency on ξ, such that
the height function is expressed as
h = C + ecr
T (rec + ξ ra) (2.22)
where C denotes the nominal clearance and ecr denotes the cross-film vector, defined in section
2.1.
Spherical Joint
In Fig. 2.4 a spherical joint is illustrated. The spherical surface geometry is given by a map, which
yields
ϕsph(ξ, η) =
 R sin( ηR ) cos( ξR )R sin( η
R
) sin( ξ
R
)
R cos( η
R
)
 (2.23)
The choice to express the spherical map as function of the polar and azimuthal arc lengths is further
elaborated in section 3.5.
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Figure 2.4: Spherical joint height description
Given the position of the spherical joint center with respect to each body, enables the expression of
an eccentricity vector rec, whereby the height function is expressed as
h = C + ecr
Trec (2.24)
where C denotes the nominal clearance and ecr denotes the cross-film vector, defined in section
2.1.
2.6. METHOD SUMMARY 33
2.6 Method Summary
In order to summarize the methodology presented in this chapter a summary of the recipe for
development of a multibody tribodynamic simulation model is given.
Firstly, define body fixed coordinate frames in each moving body of the system. Subsequently,
define the equations of motion with the system constraint forces. These constraint forces may for
instance consist of spring elements and tribological interface constraints.
Given a lubricated joint the method dictates the following approach.
• Define the reference body for each lubricated tribological interface in the system.
• Define the surface coordinate frames, by expressing the surface orientationsAs, the surface
positions s, and the related surface mapsϕ. Thereafter, calculate theA matrix and the unit
cross-film vector eˆcr .
• Utilize an appropriate method to express the height function for the lubricated joints
• Use the geometric and kinematic interface descriptions to apply an appropriate hydrody-
namic theory in order to determine the wall stress vector
• Perform the appropriate surface integrations of the wall stress vector in order to obtain the
constraint forces
In conclusion the presented methodology provides a recipe for modeling of multibody tribodynam-
ics. Although the motivation for this method development is simulation of full film lubricated in-
terfaces, in fluid power displacement units, the tribological forces are not constrained to be caused
only by lubricant pressure and shear stress. The method is also applicable for other lubrication
regimes by incorporating valid theory in the tribological force calculation.
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3
PIEZOVISCOUS LUBRICATION IN OIL HYDRAULICS
In chapter 2 the incorporation of hydrodynamic forces and torques into the multibody tribodynamic
formulation of a displacement unit is described. This necessitates knowledge of the normal and
shear stress in the lubricant, and that is obtained by solving the equations, which emerge from
the fluid mechanical principles of energy, momentum and mass conservation. In this chapter a
piezoviscous lubrication theory applicable to oil hydraulics is derived. A fundamental aspect of
the derivation is the lubricant viscosity dependency on temperature and pressure. This aspect is
covered in the first section of this chapter. Subsequently, the basic assumptions leading to a de-
scription of the lubricant stress tensor is elaborated. The following sections present the derivation
of lubricant momentum conservation equations, whereby the velocity field of the fluid film is ob-
tained. The aim to describe the piezoviscous behavior of the lubricant entails assumptions, which
in effect place requirements on the pressure gradients along the lubrication layer. The compli-
ance with these requirements enables reduction of the mass conservation law to the conventional
Reynolds approximation. Having established the fundamental equations of mass and momentum
conservation, a piezoviscous viscosity field equation is obtained, by changing the pressure field
problem, solved through the Reynolds equations, to a viscosity field problem. Utilizing the short
bearing approximation, this viscosity field problem is solvable, as it takes the form of a Bernoulli
differential equation. Finally, considerations of cylindrical and spherical geometries, together with
the aspect of cavitation are covered.
3.1 Viscosity-Pressure-Temperature Relation
The change in viscosity with temperature and pressure is an important aspect to be considered in
order to obtain successful lubricated systems. The most frequently used hydraulic fluids in dis-
placement units are of mineral base structure [73]. A frequently used model for pressure-viscosity
dependency is the Barus equation
µ = µ0e
αp (3.1)
A matter of concern regarding the use of this relationship is the maximum pressure in the lubrica-
tion film, as the Barus equation tends to become inaccurate at high pressure levels. However, in
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Table 3.1: Viscosity parameters for hydraulic oil of mineral base structure [74]
a1 Pressure-Viscosity model coefficient 334[Bar]
a2 Pressure-Viscosity model coefficient 3.2557[Bar◦C ]
b1 Vogel model coefficient 0.00006
b2 Vogel model coefficient 880
b3 Vogel model coefficient 178
fluid power displacement units, and particularly in the radial piston design of focus in this disserta-
tion, the pressure levels is below 1000 Bar, whereby the Barus equation is considered acceptable.
Apart from the dependency on pressure, the temperature has also a significant influence on viscos-
ity. With regard to the operating temperatures in fluid power displacement units, the Vogel model
is recognized as being applicable [74]. The Vogel model and the Barus is combined as
µ = µ0(T ) e
α(T ) p (3.2)
where µ0(T ) is given by the Vogel model as
µ0(T ) = b1 e
b2
T−b3 (3.3)
Furthermore, the pressure-viscosity coefficient in Barus equation is also dependent on temperature,
whereby such a relation is applied by
α(T ) =
1
a1 + a2 (T − 273) (3.4)
In total this comprises the viscosity-pressure-temperature relation utilized in this dissertation. In
Fig. 3.1 a graphical representation of the viscosity model is shown, where the coefficients used in
the model are given in Tab. 3.1. The importance of the viscosity-pressure-temperature relation is
evident from the figure, where the change in viscosity can occur between orders of magnitude.
Spatial Derivative Approximation
In order to derive the piezoviscous hydrodynamic theory, which is of focus in this chapter an
important detail regarding the spatial derivative of the lubricant viscosity is necessarily elaborated.
The challenge of obtaining analytical approximations in fluid mechanics is complicated by the
complexity of rheological models. This is indeed also the case with regard to the piezoviscous
lubrication theory for oil hydraulics. However, a significant reduction in problem difficulty is
achieved by assuming that the spatial derivatives of the lubricant viscosity are mainly determined
by the change in pressure.
In order to establish this assumption the influence of temperature change and pressure change on
viscosity is investigated by an order of magnitude analysis. The spatial derivative of the viscosity
is given as
∂µ
∂X
=
∂µ
∂T
∂T
∂X
+
∂µ
∂p
∂p
∂X
(3.5)
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Figure 3.1: Graphical representation of viscosity-pressure-temperature relation
To perform an analysis, of whether the pressure part or temperature part is dominant in the deriva-
tive, a normalization of the participating variables are performed, whereby spatial coordinate, vis-
cosity, pressure and temperature scaling are performed as
µ¯ =
µ
µ∗
p¯ =
p
p∗
T¯ =
T
T∗
X¯ =
X
X∗
(3.6)
The dimensionless spatial derivative is thereby given as
∂µ¯
∂X¯
=
∂µ¯
∂T¯
∂T¯
∂X¯
+
∂µ¯
∂p¯
∂p¯
∂X¯
(3.7)
The analysis is then performed by rewriting the spatial derivative, such that
dµ¯
∂X¯
=
∂µ¯
∂T¯
(
∂T¯
∂X¯
+
∂µ¯
∂p¯
∂µ¯
∂T¯
∂p¯
∂X¯
)
(3.8)
whereby the ratio, between the dimensionless viscosity-temperature gradient ∂µ¯
∂T¯
and the dimen-
sionless viscosity-pressure gradient ∂µ¯
∂p¯
, is of interest in order to assess the validity of neglecting the
temperature part. Using the Vogel-Barus model, given in Eqn. (6.8), the dimensionless gradients
are expressed as
∂µ¯
∂p¯
=
µ∗
p∗
∂µ
∂p
=
µ∗
p∗
(
α(T )µ0(T ) e
α(T ) p
)
(3.9)
∂µ¯
∂T¯
=
µ∗
T∗
∂µ
∂T
=
µ∗
T∗
(
µ0(T ) e
α(T ) p
( −b2
(T − b3)2
+ p
−a2
(a1 + a2 (T − 273))2
))
(3.10)
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Figure 3.2: The logarithm of the ratio between dimensionless viscosity-temperautre gradi-
ent ∂µ¯
∂T¯
dimensionless viscosity-pressure gradient ∂µ¯
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Evaluating Eqn. (3.9) and Eqn. (3.10) in an interval of pressure and temperature levels typical for
oil hydraulic displacement units produce an insight to the ratio of the gradients, which is shown in
Fig. 3.2. From this result the ratio is established to be above O
(
103
)
. In addition, if the spatial
derivative of the temperature ∂T
∂X
is assumed to be less than or of the same order as the derivative
of the pressure ∂p
∂X
, that is
∂T¯
∂X¯
≤ ∂p¯
∂X¯
(3.11)
then a sufficient condition is established, whereby the temperature dependency is negligible in the
spatial derivatives of the viscosity in oil hydraulic lubrication problems.
In conclusion the partial derivatives of the lubricant viscosity is assumed to be mainly determined
by the change in pressure, whereby the spatial derivative is reduced to
∂µ
∂X
≈ ∂µ
∂p
∂p
∂X
(3.12)
This result is used in the remainder of this chapter to derive a piezoviscous hydrodynamic lubrica-
tion theory applicable to oil hydraulics.
3.2 Oil Hydraulic Lubricant Stress
In section 2.3 the lubricant wall stress vector, utilized to obtain hydrodynamic action in the multi-
body dynamics formulation, is described. In order to determine the lubricant wall stress vector the
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fluid stress tensor needs to be described. The expression of the stress tensor depends on the sig-
nificance of physical phenomenons, that is, the level of detail needed to obtain sufficient accuracy
in the tribological model. In this dissertation the lubricant is assumed Newtonian, whereby shear-
thinning effects is neglected. Furthermore, the lubricant is assumed incompressible, whereby the
stress tensor T yields
T =
 σξξ τξζ τξητζξ σζζ τζη
τηξ τηζ σηη
 = −pI + 2µD (3.13)
whereD denotes the symmetric stretching tensor given as
D =
1
2

2 ∂u
∂ξ
(
∂u
∂ζ
+ ∂v
∂ξ
) (
∂u
∂η
+ ∂w
∂ξ
)(
∂u
∂ζ
+ ∂v
∂ξ
)
2 ∂v
∂ζ
(
∂w
∂ζ
+ ∂v
∂η
)(
∂u
∂η
+ ∂w
∂ξ
) (
∂w
∂ζ
+ ∂v
∂η
)
2 ∂w
∂η
 (3.14)
The stress tensor is further simplified using the piezoviscous thin-film approximation, which is
further elaborated in the following section.
3.3 Momentum Conservation in Oil Hydraulic Fluid Films
The constraint of momentum conservation enables the description of the lubrication film velocity
field. The conservation principle is used to derive this velocity field under the assumption of vary-
ing viscosity with temperature and pressure. However, in order to complete the derivation a series
of assumptions are needed, which thereby entail limitations to the final theory. In order to provide
insight to the limitations, and thereby assumptions, of the piezoviscous theory for oil hydraulic
lubrication proposed in this dissertation a thorough derivation of the momentum equations are pro-
vided. The assumptions performed include both the classic assumptions from Reynolds thin-film
approximation, which is stated without elaboration of validity, and assumptions which are needed
in order to derive the Reynolds equation with a viscosity dependent on temperature and pressure.
The main focus of this derivation is to show that for oil hydraulic lubrication films the classical
Reynolds equation is applicable, which is not surprising. However, the theory allow the use of
Vogel-Barus model in order to describe the viscosity dependency on temperature and pressure of
oil hydraulic lubrication films, given that the pressure gradient along the lubrication film comply
with certain requirements, which is elaborated in this section.
In order to establish a description of the momentum transport, Cauchy’s momentum equation is
used, which express momentum transport in a continuum as
ρ
Dv
Dt
= ρf + divT (3.15)
Cauchy’s momentum equation is utilized by substitution of the stress tensor T , described in section
3.2, and by neglecting body forces, which produce the incompressible Navier-Stokes equations in
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Cartesian coordinates, given as
ρ
(
∂u
∂t
+ u
∂u
∂ξ
+ v
∂u
∂ζ
+ w
∂u
∂η
)
=
∂
∂ξ
(
−p+ 2µ∂u
∂ξ
)
+
∂
∂ζ
(
µ
(
∂u
∂ζ
+
∂v
∂ξ
))
+
∂
∂η
(
µ
(
∂u
∂η
+
∂w
∂ξ
))
(3.16)
ρ
(
∂v
∂t
+ u
∂v
∂ξ
+ v
∂v
∂ζ
+ w
∂v
∂η
)
=
∂
∂ζ
(
−p+ 2µ∂v
∂ζ
)
+
∂
∂ξ
(
µ
(
∂u
∂ζ
+
∂v
∂ξ
))
+
∂
∂η
(
µ
(
∂v
∂η
+
∂w
∂ζ
))
(3.17)
ρ
(
∂w
∂t
+ u
∂w
∂ξ
+ v
∂w
∂ζ
+ w
∂w
∂η
)
=
∂
∂η
(
−p+ 2µ∂w
∂η
)
+
∂
∂ξ
(
µ
(
∂u
∂η
+
∂w
∂ξ
))
+
∂
∂ζ
(
µ
(
∂v
∂η
+
∂w
∂ζ
))
(3.18)
The level of information contained in these equations is immense and in order to remove insignif-
icant terms an order of magnitude analysis are performed. Thin films have an inherent property
of multiple orders of difference between thickness and length. This is commonly utilized in order
to obtain dimensionless form of conservation laws in thin film problems. A fluid film geometry is
illustrated in Fig. 3.3. The ratio of the fluid film in-plane length scale L∗ and the thickness scale h∗
for a typical tribological interface is  = h∗
L∗ = O(10
−3). The normalization of the equations is
accomplished with the scales shown in Tab. 3.2, whereby of the dimensionless variables are given
as
(
ξ¯, ζ¯, η¯
)
=
1
L∗
(
ξ,
1

ζ, η
)
(u¯, v¯, w¯) =
1
U∗
(
u,
1

v, w
)
p¯ =
p
p∗
= R
p
ρ∗U2∗
 =
h∗
L∗
t¯ =
U∗ t
L∗
R = Re  = 2
ρ∗L∗U∗
µ∗
(3.19)
As the viscosity is allowed to vary with pressure and temperature the scaling of the normalization
of the Vogel-Barus model is given as
µ¯ =
µ(T, p)
µ∗
=
µ0(T )
µ∗
eα¯(T )p¯ α¯(T ) = α(T ) p∗ (3.20)
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Figure 3.3: Lubrication interface coordinate axes and length scales
The utilization of the scaling given in Eqn. (3.19) and Eqn. (3.20) in the Navier-Stokes equations
enable the expression of these motion equations in terms of dimensionless variables and the dimen-
sionless groups, constituted by the Reynolds number and the aspect ratio  of the fluid film in-plane
length scale and the thickness scale. Substitution of the scaling’s into the momentum conservation
law and the application of equation manipulations, yields the dimensionless Navier-Stokes equa-
tions as
Rρ¯
(
∂u¯
∂t¯
+ u¯
∂u¯
∂ξ¯
+ v¯
∂u¯
∂ζ¯
+ w¯
∂u¯
∂η¯
)
=
∂
∂ξ¯
(
−p¯+ 22µ¯ ∂u¯
∂ξ¯
)
+
∂
∂ζ¯
(
µ¯
(
∂u¯
∂ζ¯
+ 2
∂v¯
∂ξ¯
))
+ 2
∂
∂η¯
(
µ¯
(
∂u¯
∂η¯
+
∂w¯
∂ξ¯
))
(3.21)
2Rρ¯
(
∂v¯
∂t¯
+ u¯
∂v¯
∂ξ¯
+ v¯
∂v¯
∂ζ¯
+ w¯
∂v¯
∂η¯
)
=
∂
∂ζ¯
(
−p¯+ 22µ¯ ∂v¯
∂ζ¯
)
+ 2
∂
∂ξ¯
(
µ¯
(
∂u¯
∂ζ¯
+ 2
∂v¯
∂ξ¯
))
+ 2
∂
∂η¯
(
µ¯
(
2
∂v¯
∂η¯
+
∂w¯
∂ζ¯
))
(3.22)
Rρ¯
(
∂w¯
∂t¯
+ u¯
∂w¯
∂ξ¯
+ v¯
∂w¯
∂ζ¯
+ w¯
∂w¯
∂η¯
)
=
∂
∂η¯
(
−p¯+ 22µ¯ ∂w¯
∂η¯
)
+ 2
∂
∂ξ¯
(
µ¯
(
∂u¯
∂η¯
+
∂w¯
∂ξ¯
))
+
∂
∂ζ¯
(
µ¯
(
2
∂v¯
∂η¯
+
∂w¯
∂ζ¯
))
(3.23)
A first step in the simplification of the equations is the assumption of laminar flow, which require
R  1. This is a fundamental assumption of Reynolds lubrication theory and it is well established
to agree with experimental work in oil hydraulics, whereby no further discussion of this assumption
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Table 3.2: Characteristic parameters
U∗ Characteristic velocity
µ∗ Characteristic viscosity
p∗ Characteristic pressure
ρ∗ Characteristic density
L∗ Characteristic fluid film length
h∗ Characteristic film thickness
Re Reynolds Number
R Reduced Reynolds number
is performed in this dissertation. The application of this assumption yields
0 =− ∂p¯
∂ξ¯
+ 22
∂µ¯
∂ξ¯
∂u¯
∂ξ¯
+ 22µ¯
∂2u¯
∂ξ¯2
+
∂µ¯
∂ζ¯
∂u¯
∂ζ¯
+ µ¯
∂2u¯
∂ζ¯2
+ 2
∂µ¯
∂ζ¯
∂v¯
∂ξ¯
+ 2µ¯
∂2v¯
∂ξ¯∂ζ¯
+ 2
∂µ¯
∂η¯
∂u¯
∂η¯
+ 2µ¯
∂2u¯
∂η¯2
+ 2
∂µ¯
∂η¯
∂w¯
∂ξ¯
+ 2µ¯
∂2w¯
∂ξ¯∂η¯
(3.24)
0 =− ∂p¯
∂ζ¯
+ 22
∂µ¯
∂ζ¯
∂v¯
∂ζ¯
+ 22µ¯
∂2v¯
∂ζ¯2
+ 2
∂µ¯
∂ξ¯
∂u¯
∂ζ¯
+ 2µ¯
∂2u¯
∂ζ¯∂ξ¯
+ 4
∂µ¯
∂ξ¯
∂v¯
∂ξ¯
+ 4µ¯
∂2v¯
∂ξ¯2
+ 4
∂µ¯
∂η¯
∂v¯
∂η¯
+ 4µ¯
∂2v¯
∂η¯2
+ 2
∂µ¯
∂η¯
∂w¯
∂ζ¯
+ 2µ¯
∂2w¯
∂η¯∂ζ¯
(3.25)
0 =− ∂p¯
∂η¯
+ 22
∂µ¯
∂η¯
∂w¯
∂η¯
+ 22µ¯
∂2w¯
∂η¯2
+ 2
∂µ¯
∂ξ¯
∂u¯
∂η¯
+ 2µ¯
∂2u¯
∂ξ¯∂η¯
+ 2
∂µ¯
∂ξ¯
∂w¯
∂ξ¯
+ 2µ¯
∂2w¯
∂ξ¯2
+
∂µ¯
∂ζ¯
∂v¯
∂η¯
+ µ¯
∂2v¯
∂ζ¯∂η¯
+ 2
∂µ¯
∂ζ¯
∂w¯
∂ζ¯
+ 2µ¯
∂2w¯
∂ζ¯2
(3.26)
In order to accomplish further simplification of the momentum conservation equations the terms
multiplied with the factor 2 is of interest. In the classic Reynolds theory the terms multiplied by
2 are neglected. However, following the line of investigation by Szeri [15], the nondimensional
variables and the nondimensional derivatives are expected to be O(1) with the exception of the
nondimensional derivatives of the pressure, due to the nonlinear rheology model constituted by the
Vogel-Barus model. On this basis only the terms which are expected to be O(1) is neglected, if
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they are multiplied by 2, which leads to the following simplification
0 =− ∂p¯
∂ξ¯
+ 22
∂µ¯
∂ξ¯
∂u¯
∂ξ¯
+
∂µ¯
∂ζ¯
∂u¯
∂ζ¯
+ µ¯
∂2u¯
∂ζ¯2
+ 2
∂µ¯
∂ζ¯
∂v¯
∂ξ¯
+ 2
∂µ¯
∂η¯
∂u¯
∂η¯
+ 2
∂µ¯
∂η¯
∂w¯
∂ξ¯
(3.27)
0 =− ∂p¯
∂ζ¯
+ 22
∂µ¯
∂ζ¯
∂v¯
∂ζ¯
+ 2
∂µ¯
∂ξ¯
∂u¯
∂ζ¯
+ 4
∂µ¯
∂ξ¯
∂v¯
∂ξ¯
+ 4
∂µ¯
∂η¯
∂v¯
∂η¯
+ 2
∂µ¯
∂η¯
∂w¯
∂ζ¯
(3.28)
0 =− ∂p¯
∂η¯
+ 22
∂µ¯
∂η¯
∂w¯
∂η¯
+ 2
∂µ¯
∂ξ¯
∂u¯
∂η¯
+ 2
∂µ¯
∂ξ¯
∂w¯
∂ξ¯
+ 2
∂µ¯
∂ζ¯
∂v¯
∂η¯
+
∂µ¯
∂ζ¯
∂w¯
∂ζ¯
+ µ¯
∂2w¯
∂ζ¯2
(3.29)
Although the previous utilized simplifications significantly reduce the complexity, of the Navier-
Stokes equations, the challenge of analytically solving the velocity field is still not manageable.
However, two additional assumptions suffice to achieve an analytical solution. Firstly, assuming
that the partial derivatives of the lubricant viscosity are mainly determined by the change in pres-
sure, and subsequently assuming an upper bound on the spatial derivative of the pressure. The
assumption, that spatial derivatives of the viscosity is determined by the change in pressure is, as
described in section 3.1, plausible when the pressure gradient is larger than or equal to the tem-
perature gradient in the spatial direction of concern. This condition is assumed to be satisfied with
regard to the in-plane coordinates, ξ and η. However, the cross-film pressure gradient is relatively
small, and in classical Reynolds theory assumed equal to zero, whereby the condition cannot be
assumed to hold. In state of the art TEHD models, of oil hydraulic displacement units, an effec-
tive cross-film viscosity, being constant in the cross-film direction, is utilized. This approach is
adopted in this dissertation, hence the spatial derivative of viscosity in the cross-film direction is
only determined by the pressure gradient, such that
∂µ¯
∂ξ¯
=
∂µ¯
∂p¯
∂p¯
∂ξ¯
∂µ¯
∂ζ¯
=
∂µ¯
∂p¯
∂p¯
∂ζ¯
∂µ¯
∂η¯
=
∂µ¯
∂p¯
∂p¯
∂η¯
∂µ¯
∂p¯
= α¯µ¯ (3.30)
which entail that the motion equations is expressed as
∂p¯
∂ξ¯
= µ¯
∂2u¯
∂ζ¯2
+ α¯µ¯
(
22
∂p¯
∂ξ¯
∂u¯
∂ξ¯
+ 2
∂p¯
∂η¯
(
∂u¯
∂η¯
+
∂w¯
∂ξ¯
)
+
∂p¯
∂ζ¯
(
∂u¯
∂ζ¯
+ 2
∂v¯
∂ξ¯
))
(3.31)
∂p¯
∂ζ¯
= α¯µ¯2
(
2
∂p¯
∂ζ¯
∂v¯
∂ζ¯
+
∂p¯
∂ξ¯
(
∂u¯
∂ζ¯
+ 2
∂v¯
∂ξ¯
)
+
∂p¯
∂η¯
(
∂w¯
∂ζ¯
+ 2
∂v¯
∂η¯
))
(3.32)
∂p¯
∂η¯
= µ¯
∂2w¯
∂ζ¯2
+ α¯µ¯
(
22
∂p¯
∂η¯
∂w¯
∂η¯
+
∂p¯
∂ξ¯
2
(
∂u¯
∂η¯
+
∂w¯
∂ξ¯
)
+
∂p¯
∂ζ¯
(
∂w¯
∂ζ¯
+ 2
∂v¯
∂η¯
))
(3.33)
Aiming attention at Eqn.(3.32) the following order of approximation observations are readily made
22α¯µ¯
∂p¯
∂ζ¯
∂v¯
∂ζ¯
 ∂p¯
∂ζ¯
(3.34)
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As the pressure gradient is not immediately expected to be O(1) an upper limit is used to enable
further simplification of the equations, whereby
2µ¯α¯
(
∂u¯
∂ζ¯
+ 2
∂v¯
∂ξ¯
)
∂p¯
∂ξ¯
 1 ⇒ ∂p¯
∂ξ¯
 1
2
(3.35)
2µ¯α¯
(
∂w¯
∂ζ¯
+ 2
∂v¯
∂η¯
)
∂p¯
∂η¯
 1 ⇒ ∂p¯
∂η¯
 1
2
(3.36)
Following the above assumptions Eqn. (3.32) yields
∂p¯
∂ζ¯
= 0 (3.37)
Finally, the application of this result to Eqn. (3.31) and Eqn. (3.33), together with the pressure
gradient limitations, entail that the motion equations are reduced to
∂p¯
∂ξ¯
= µ¯
∂2u¯
∂ζ¯2
(3.38)
∂p¯
∂ζ¯
= 0 (3.39)
∂p¯
∂η¯
= µ¯
∂2w¯
∂ζ¯2
(3.40)
Lubricant Velocity Field
Adopting the idea of a cross-film effective viscosity from the state of the art TEHD models of
oil hydraulic displacement units, described in section 1.6, is performed by a temperature averaged
cross-film viscosity. In consequence, the temperature dependency on viscosity of oil hydraulic
lubrication films is approximated such that
µ(T, p) ≈ µ(Tavg, p) = µ0(Tavg) eα(Tavg) p (3.41)
where
Tavg =
Tb + Ta
2
(3.42)
The utilization of a temperature averaged cross-film viscosity allow an analytical solution of the
lubricant velocity field given as
u =
1
2µ(Tavg, p)
∂p
∂ξ
(
ζ2 − ζh)+ φbξ − φaξ
h
ζ + φaξ (3.43)
w =
1
2µ(Tavg, p)
∂p
∂η
(
ζ2 − ζh)+ φbη − φaη
h
ζ + φaη (3.44)
where φaξ, φbξ, φaη and φbη constitute the boundary wall velocities.
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Pressure Gradient Limitation
The limitation imposed on the in-plane pressure gradients are in dimensional form given as
∂p
∂X
 U∗µ∗
h2∗2
(3.45)
In order to perform an estimation of this limitation a contour plot, with the velocity scale U∗ and
the fluid film thickness scale h∗ as independent parameters, is shown in Fig. 3.4. The limitation
is shown for an aspect ratio  = 10−1 in agreement with the estimate, made by Szeri [15], for
the largest value at which predictions of the classical Reynolds theory can be expected to hold.
Furthermore, the limitation is calculated at a viscosity µ = 0.02, which is seen to be a conservative
representative for oil hydraulics from Fig. 3.1. The limitation depicted in Fig. 3.4 serves as a
conservative estimate of the order of magnitude, which the in-plane pressure gradients should be
negligible compared to. The main conclusion, from the figure, is that in order to ensure the results
from simulation models, incorporating this theory, comply with the theory; the condition given in
Eqn. (3.45) should be evaluated a posteriori.
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Figure 3.4: The logarithm of the pressure gradient limitation as function of fluid film thick-
ness scale and velocity scale. Evaluated at  = 10−1 and µ = 0.02.
Summary
In total the significant conclusion of this derivation is that, if the partial derivatives of the lu-
bricant viscosity is mainly determined by the change in pressure, and that the in-plane pressure
gradient limitations are sufficiently fulfilled, then together with the classical Reynolds theory as-
sumptions an analytical expression of the lubrication in-plane velocity field is given as Eqn. (3.43)
and Eqn. (3.44). Furthermore, the cross-film pressure gradient is negligible and this allow for the
derivation of a Reynolds type pressure equation following the mass conservation constraint.
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3.4 Mass Conservation in Oil Hydraulic Fluid Films
In order to determine the pressure field in the lubricant the mass conservation constraint is used.
This leads to the classical Reynolds equation, nonetheless in order arrive at the classical Reynolds
equation an effective cross-film viscosity is used, which is justified for oil hydraulic lubrication
previous section.
The principle of mass conservation require that the velocity field comply with the continuity equa-
tion, which for an incompressible lubricant is given as
∂u
∂ξ
+
∂v
∂ζ
+
∂w
∂η
= 0 (3.46)
The pressure equation is derived by integrating the continuity equation across the film, which
results in∫ h(ξ,η)
0
∂v
∂ζ
dζ = −
∫ h(ξ,η)
0
∂u
∂ξ
dζ −
∫ h(ξ,η)
0
∂w
∂η
dζ (3.47)
Employing Leibnitz’s rule for differentiating under the integral sign and substituting the velocity
profiles from Eqn. (3.43) and Eqn. (3.44) leads to
∂h
∂t
=− ∂
∂ξ
(
∂p
∂ξ
∫ h(ξ,η)
0
ζ2 − hζ
2µ(T, p)
dζ
)
− ∂
∂η
(
∂p
∂η
∫ h(ξ,η)
0
ζ2 − hζ
2µ(T, p)
dζ
)
− ∂
∂ξ
(φbξ + φaξ)h
2
+ φbξ
∂h
∂ξ
− ∂
∂η
(φbη + φaη)h
2
+ φbη
∂h
∂η
(3.48)
which is Reynolds lubrication pressure equation. Utilization of the temperature averaged cross-
film viscosity enable the calculation of the definite integrals in Eqn. (3.48), whereby the classical
Reynolds lubrication approximation is derived as
∂
∂ξ
(
h3
12µ
∂p
∂ξ
)
+
∂
∂η
(
h3
12µ
∂p
∂η
)
=(
∂h
∂t
− φbξ ∂h
∂ξ
− φbη ∂h
∂η
)
+
∂
∂ξ
(φbξ + φaξ)h
2
+
∂
∂η
(φbη + φaη)h
2
(3.49)
In conclusion, this Reynolds equation constitutes the pressure field problem, which needs to be
solved in order to determine the hydrodynamic forces in the tribodynamic system.
3.5 Piezoviscous Hydrodynamic Short Bearing Theory
In order to solve the non-linear partial differential Eqn. (3.49), which describes the lubricant pres-
sure, numerical techniques are necessary. However, while performing wide-scale design analysis
of the tribodynamic system, comprised by the displacement unit, a focus on computational effi-
ciency is a necessity. A consequence thereof is the aim to obtain an analytical approximation of
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the pressure field. In section 1.3, the displacement unit, which is the focus in this work, is pre-
sented. A mutual feature of all tribological interfaces in this design is the categorization of being
short, i.e. the ratio between the two in-plane lengths are sufficient to neglect the pressure dissi-
pation caused by Poiseuille flow in one of the directions. This is highly beneficial, because an
approximate analytical solution thereby is obtainable [75].
The approach is, as the Vogel-Barus viscosity model, with a cross-film average temperature, is
established to model oil hydraulic lubrication films, under sufficient compliance with above men-
tioned assumptions, the pressure field problem can be changed to a viscosity field problem. The
means to perform this change is the assumption that the partial derivatives of the lubricant viscosity
is mainly determined by the change in pressure, such that
∂µ
∂ξ
=
∂µ
∂p
∂p
∂ξ
∂µ
∂η
=
∂µ
∂p
∂p
∂η
(3.50)
From the Vogel-Barus model it is obtained that
∂µ
∂p
= µα (3.51)
which allow for the viscosity field problem to be formulated as
∂
∂ξ
(
h3
12αµ2
∂µ
∂ξ
)
+
∂
∂η
(
h3
12αµ2
∂µ
∂η
)
=(
∂h
∂t
− φbξ ∂h
∂ξ
− φbη ∂h
∂η
)
+
∂
∂ξ
(φbξ + φaξ)h
2
+
∂
∂η
(φbη + φaη)h
2
(3.52)
A close examination of this equation reveal that by neglecting one of the terms governing pressure
dissipation, due to Poiseuille flow, a second order non-linear differential equation describing the
viscosity field is obtained. The general piezoviscous short bearing problem in oil hydraulics is
thereby given as
∂
∂X
(
H
µ2
∂µ
∂X
)
= G µ|X=a = (µ0eαp)|X=a µ|X=b = (µ0eαp)|X=b (3.53)
where the independent variable X , the function H and the function G depends on the geometry
and kinematics of lubrication film. Integration and manipulation leads to a first order differential
equation, namely a Bernoulli differential equation, which describe the spatial derivative of the
viscosity as
∂µ
∂X
=
µ2
H
(∫
GdX + c1
)
(3.54)
The differential equation is solvable by introduction of the fluidity δ, equal to the reciprocal of
the viscosity, which thereby change the non-linear problem to a linear problem. The variable
introduction yields
δ =
1
µ
∂δ
∂X
= − 1
µ2
∂µ
∂X
⇒ ∂µ
∂X
= − ∂δ
∂X
µ2 (3.55)
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Substitution into Eqn. (3.54) lead to the linear differential equation
∂δ
∂X
= − 1
H
(∫
GdX + c1
)
(3.56)
which have a solution given as
δ = c2 −
∫
1
H
∫
GdXdX − c1
∫
1
H
dX (3.57)
The application of the boundary conditions, given in Eqn. (3.53), entail that the fluidity δ is ex-
pressed as
δ = −
∫ X
a
1
H
∫
GdXdX +
δb − δa +
∫ b
a
1
H
∫
GdXdX∫ b
a
1
H
dX
(∫ X
a
1
H
dX
)
+ δa (3.58)
The hydrodynamic pressure follows from utilization of the Vogel-Barus viscosity model formula-
tion, such that
p =
1
α
ln
(
1
µ0δ
)
(3.59)
and the gradient yields
∂p
∂X
= − 1
α2
∂α
∂X
ln
(
1
µ0δ
)
− 1
αµ0
∂µ0
∂X
− 1
αδ
∂δ
∂X
(3.60)
Note that the gradient is evaluated as if the pressure-viscosity coefficient α and viscosity at the ref-
erence pressure µ0 is a function of the independent coordinate, by which a temperature dependency
is included.
In conclusion, an analytical piezoviscous hydrodynamic lubrication pressure field is obtainable
under the assumptions that the continuum description is valid, compressibility is ignored and the
fluid film is thin i.e. negligible fluid inertia and laminar flow. Additionally, the spatial pressure
gradients are assumed low enough to comply with an upper bound, while being larger than the
temperature gradient and a cross-film average temperature is allowable in the viscosity model.
The hydrodynamic pressures in different joint geometries are beneficially modeled by use of dif-
ferent coordinate transformations. In the radial piston design of focus in this dissertation the joints
are cylindrical or spherical. On this basis, the short bearing solutions for such geometries are
elaborated in the following sections.
Cylindrical Solution
The modeling of a cylindrical joint is performed using cylindrical coordinate descriptions of the
velocity field and the Reynolds equation. However, in this dissertation the azimuthal angle is sub-
stituted for the arc length normalized with the cylinder radius, which in effect change the circum-
ferential coordinate to an arc length. The relation between Cartesian coordinates and the cylindrical
coordinates, illustrated in Fig. 3.6, is thereby given as
ϕcyl(ξ, η) =
 R cos( ηR )R sin( η
R
)
ξ
 (3.61)
3.5. PIEZOVISCOUS HYDRODYNAMIC SHORT BEARING THEORY 49
where ξ represents the axial coordinate, ζ the radial coordinate and η the circumferential coordi-
nate.
ϕ(ξ,η) 
ϕξ
ζ 
ϕη
x
y
zR
Figure 3.5: Graphical representation of cylindrical map
A consequence of substituting the azimuthal angle with a normalized arc length is that the momen-
tum equations are equivalent to the Cartesian representation, whereby this is given as
∂p
∂ξ
= µ
∂2u
∂ζ2
(3.62)
∂p
∂ζ
= 0 (3.63)
∂p
∂η
= µ
∂2w
∂ζ2
(3.64)
From the momentum equations the velocity field follow as
u =
1
2µ
∂p
∂ξ
(
ζ2 − ζh)+ φbξ − φaξ
h
ζ + φiξ (3.65)
w =
1
2µ
∂p
∂η
(
ζ2 − ζh)+ φbη − φaη
h
ζ + φiη (3.66)
The expression of continuity in terms of the viscosity field problem yields
∂
∂ξ
(
h3
12αµ2
∂µ
∂ξ
)
+
∂
∂η
(
h3
12αµ2
∂µ
∂η
)
=(
∂h
∂t
− φbξ ∂h
∂ξ
− φbη ∂h
∂η
)
+
∂
∂ξ
(φbξ + φaξ)h
2
+
∂
∂η
(φbη + φaη)h
2
(3.67)
Assuming that the diameter of the cylindrical joint is significantly larger than the bearing length,
the pressure dissipation caused by Poiseuille flow in the circumferential direction is negligible. A
50 CHAPTER 3. PIEZOVISCOUS LUBRICATION IN OIL HYDRAULICS
guideline for this assumption is a length-diameter ratio L
D
< 0.25 [15]. The short bearing problem
is thereby given as Eqn. (3.53), where
H =
h3
12α
X = ξ (3.68)
G =
(
∂h
∂t
− φbξ ∂h
∂ξ
− φbη ∂h
∂η
)
+
∂
∂ξ
(φbξ + φaξ)h
2
+
∂
∂η
(φbη + φaη)h
2
(3.69)
The solution given in Eqn. (3.58), entail an integration of the inverse diffusion coefficient H . This
is potentially a quite difficult integral to obtain, and if possible it might yield a large analytical ex-
pression, whereby computational efficiency is compromised. However, if the diffusion coefficient
H is assumed to have negligible change in the axial direction, because the bearing is characterized
as short, a simplified solution yields
δ = − 1
H
∫ ξ
ξa
∫
Gdξdξ +
δb − δa + 1H
∫ ξb
ξa
∫
Gdξdξ
ξb − ξa (ξ − ξa) + δa (3.70)
In conclusion, this approach provides the means to express the hydrodynamic pressure in a cylindri-
cal short bearing, given that the change in pressure diffusion coefficientH along the axial direction
is sufficiently small. Otherwise, the hydrodynamic pressure should be described with Eqn. (3.68),
Eqn. (3.69) and Eqn. (3.58).
Spherical Solution
In order to model a spherical interface a coordinate transformation is beneficial. The governing
equation are described in spherical coordinates, however in this dissertation the polar angle and
azimuthal angle are substituted for the arc length normalized with the sphere radius. Consequently,
a polar arc length and an azimuthal arc length are used for coordinate representation. The relation
between Cartesian coordinates and the cylindrical coordinates, illustrated in Fig. 3.6, is thereby
given as
ϕsph(ξ, η) =
 R sin( ηR ) cos( ξR )R sin( η
R
) sin( ξ
R
)
R cos( η
R
)
 (3.71)
where ξ represents the azimuthal coordinate, ζ the radial coordinate and η the polar coordinate.
The use of this coordinate transformation yields a set of momentum equations as
1
sin
(
η
R
) ∂p
∂ξ
= µ
∂2u
∂ζ2
(3.72)
∂p
∂ζ
= 0 (3.73)
∂p
∂η
= µ
∂2w
∂ζ2
(3.74)
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Figure 3.6: Graphical representation of spherical map
The corresponding velocity field equations is given as
u =
1
2 sin
(
η
R
)
µ
∂p
∂ξ
(
ζ2 − ζh)+ φbξ − φaξ
h
ζ + φiξ (3.75)
w =
1
2µ
∂p
∂η
(
ζ2 − ζh)+ φbη − φaη
h
ζ + φiη (3.76)
The expression of continuity in terms of the viscosity field problem yields
1
sin
(
η
R
) ∂
∂ξ
(
h3
12αµ2
∂µ
∂ξ
)
+
∂
∂η
(
sin
(
η
R
)
h3
12αµ2
∂µ
∂η
)
=
sin
( η
R
)(∂h
∂t
− φbξ 1
sin
(
η
R
) ∂h
∂ξ
− φbη ∂h
∂η
)
+
∂
∂ξ
(φbξ + φaξ)h
2
+
∂
∂η
sin
(
η
R
)
(φbη + φaη)h
2
(3.77)
If the polar arc length η is significantly smaller, than the sphere radius, the pressure diffusion
process, caused by Poiseuille flow in the circumferential direction, is allowably neglected. The
short bearing problem is thereby given as Eqn. (3.53), where
H =
sin
(
η
R
)
h3
12α
X = η (3.78)
G = sin
( η
R
)(∂h
∂t
− φbξ 1
sin
(
η
R
) ∂h
∂ξ
− φbη ∂h
∂η
)
+
∂
∂ξ
(φbξ + φaξ)h
2
+
∂
∂η
sin
(
η
R
)
(φbη + φaη)h
2
(3.79)
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Equivalently to the cylindrical case, the solution given in Eqn. (3.58) entail an integration of the in-
verse diffusion coefficientH , whereby computational efficiency might be compromised. However,
the diffusion coefficient H is assumed have negligible change in the polar angle direction, due to
the characterization of the bearing as being short, whereby a simplified solution yields
δ = − 1
H
∫ η
ηa
∫
Gdηdη +
δb − δa + 1H
∫ ηb
ηa
∫
Gdηdη
ηb − ηa (η − ηa) + δa (3.80)
In total, the hydrodynamic pressure in a spherical short bearing is by means of this approach
expressed, given that the change in pressure diffusion coefficient H along the polar angle direction
is sufficiently small. Otherwise, the hydrodynamic pressure should be described with Eqn. (3.68),
Eqn. (3.69) and Eqn. (3.58).
3.6 Cavitation
The lubricants inability to sustain negative pressure entails the possibility of cavitation regions.
The analytical piezoviscous short bearing theory describes the hydrodynamic pressure field undis-
cerning this possibility of cavitation. This model discrepancy is handled by use of a Gümbel’s
condition type pressure saturation, given as
p =

1
α
ln
(
1
µ0δ
)
1
α
ln
(
1
µ0δ
)
> pcav
pcav
1
α
ln
(
1
µ0δ
)
< pcav
(3.81)
As this cavitation model entail a constant pressure level in the cavitation region the pressure gradi-
ents are as well saturated, such that
∂p
∂X
=
 −
1
α2
∂α
∂X
ln
(
1
µ0δ
)
− 1
αµ0
∂µ0
∂X
− 1
αδ
∂δ
∂X
1
α
ln
(
1
µ0δ
)
> pcav
0 1
α
ln
(
1
µ0δ
)
< pcav
(3.82)
Although the use of this Gümbel’s condition type pressure saturation, results in more realistic pre-
dictions of the load capacity, it leads to a violation of the continuity of flow. However, the reasoning
behind the use of this model is the assumption that the hydrodynamic force contributions, to the
tribodynamic system, from the cavitation region are negligible compared to the force contributions
from non-cavitation regions.
4
DIGITAL MOTOR MODEL
Upon the choice of a topology, under the hypothesis of being suitable for the present application,
and the additional development of an initial design of the motor, further analysis of the motor oper-
ation is the next step. The all-important requirement of the motor is the ability to sustain sufficient
chamber pressure with successful lubricated tribological interfaces. Consequently, the tribological
interface needs to provide sufficient sealing for the pressure chamber to contain the rated pressure,
and simultaneously provide lubrication at as low energy dissipation as possible. In order to opti-
mize this aspect and further refine the design of the motor, presented in section 1.3, a simulation
model based on the theory developed in chapter 2 and 3 is presented in this chapter. The attention
towards computational efficiency entails that elasticity and surface roughness are neglected in this
model. Furthermore, the thermal fields in the lubrication films are assumed constant. As a conse-
quence, the results of this model are not intended as accurate representations of the tribodynamic
behavior, yet the results are intended to serve as sufficient approximations, by which qualified de-
cisions on design improvements can be made. This approach necessitates careful assessment of the
results, in order to perform further reasoning, concerning the possible need for inclusion of elastic,
surface roughness or thermal effects. This aspect is discussed further together with the simulation
results in chapter 5.
In Fig. 4.1 an overview of the digital motor model is shown. The model consists of two main parts,
a hydraulic model and a multibody tribodynamics model. In the hydraulic model the control vol-
ume approach is used to describe pressure dynamics in the displacement chamber. The pressure is
affected by the flow through the high pressure valve and the low pressure valve, which in turn is
governed by the pressure difference from the chamber to the high pressure and low pressure mani-
fold, respectively. The other part consist of the tribodynamic model, where forces and body motion
forms a coupling of the lubricant fluid mechanics and the mechanics of the bounding bodies. The
interface between these two models is comprised by the displacement and the leakage flow through
the lubrication films, which affect the chamber pressure dynamics and thereby the forces from the
chamber, along with the pressure difference between the displacement chamber and the leakage
drain.
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Figure 4.1: Digital motor model overview
4.1 Multibody Tribodynamics Model
The model is delimited to a single displacement chamber and the shaft motion is predefined, which
enable simulation of the piston and cylinder micro motion, in effect modeling a 12 degree of free-
dom multibody tribodynamic system. The main features of the multibody tribodynamics are the
rigid body kinematics, the equations of motion and the constraints from the tribological interfaces.
In the following each of these aspects are described in further detail. Additionally, the shaft torque
is also described, which is useful for evaluation of the machine efficiency.
Kinematic Description
In order to analyze the displacement unit a series of body fixed frames are placed at each solid co-
incident with the center of mass. Consequently, four distinct coordinate frames, shown in Fig. 4.2,
are utilized to analyze a single displacement chamber. These are comprised by a frame in the ec-
centric, piston, cylinder and housing center of mass. Note that, the frame in the housing center of
mass is referred to as the global frame.
The position q of the eccentric, piston and cylinder are represented in the global frame together
with a set of Euler angles ϑ as shown in Eqn. (4.1)-Eqn. (4.3), where the subscript p denotes the
piston. These expressions are similar for the cylinder with subscript c, eccentric with subscript e.
Note that the angular velocity ω is defined in the body fixed coordinate system in order to follow
the convention developed in chapter 2.
ϑp =[ϑxp ϑyp ϑzp] (4.1)
ωp =[ωxp ωyp ωzp] (4.2)
qp =[xp yp zp] (4.3)
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Figure 4.2: The global/housing coordinate frame (red) and the body fixed frames in the
eccentric (green), piston (cyan) and cylinder (orange) center of mass
The used Euler angle convention is X-Y-Z, which yields a representation of the special orthogonal
matrix as
A =
 c(ϑy)c(ϑz) −c(ϑy)s(ϑz) s(ϑy)c(ϑx)s(ϑz) + s(ϑx)s(ϑy)c(ϑz) c(ϑx)c(ϑz)− s(ϑx)s(ϑy)s(ϑz) −s(ϑx)c(ϑy)
s(ϑx)s(ϑz)− c(ϑx)s(ϑy)c(ϑz) s(ϑx)c(ϑz) + c(ϑx)s(ϑy)s(ϑz) c(ϑx)c(ϑy)
 (4.4)
The choice to utilize Euler angles for the representation of spatial orientation, instead of quater-
nions, is because potential numerical errors in Euler angles does not corrupt the special orthogonal
matrix, such that ATA 6= I , whereby further steps to ensure this are avoided [76]. The use of
Euler angles entail the need for a relation between the angular velocity ω and the Euler angle rates
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Figure 4.3: Position vector of the eccentric, piston and cylinder
ϑ˙, which is given by a linear map as
ϑ˙ = Dω (4.5)
where
D =
1
cos(ϑy)
 cos(ϑz) − sin(ϑz) 0cos(ϑy) sin(ϑz) cos(ϑz) cos(ϑy) 0
− cos(ϑz) sin(ϑy) sin(ϑz) sin(ϑy) cos(ϑy)
 (4.6)
Note that Eqn. (4.6) entail a singularity at ϑy = pi/2, whereby another convention should be
chosen if excessive rotation of the y-angle occurs, which is easily performed by altering the matrix
representations given in Eqn. (4.4) and Eqn. (4.6).
The motor design is intended to run a generator in a wind turbine at 1500RPM , whereby the
dynamics of the load is assumed to be of high inertia, such that the kinematics of the shaft, and
thereby the eccentric, is predefined. Consequently, the study of how shaft and eccentric vibration
affect the tribological systems is omitted in this dissertation. The eccentric kinematics is defined
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Table 4.1: Piston and cylinder mass properties
mp 844.08 g Piston mass
Jxxp 1713095.15 · 10−9 kgm2 Piston principal moment of inertia
Jyyp 571924.92 · 10−9 kgm2 Piston principal moment of inertia
Jzzp 1713095.15 · 10−9 kgm2 Piston principal moment of inertia
Apc 7.027 · 10−4 m2 Piston chamber pressure area
mc 920.69 g Cylinder mass
Jxxc 1833466.09 · 10−9 kgm2 Cylinder principal moment of inertia
Jyyc 1296584.21 · 10−9 kgm2 Cylinder principal moment of inertia
Jzzc 1833466.09 · 10−9 kgm2 Cylinder principal moment of inertia
Acc 3.468 · 10−4 m2 Cylinder chamber pressure area
by the shaft rotation θ, shaft rotational velocity θ˙ and shaft rotational acceleration θ¨, such that
qe =[Re sin(θ) +Re Re cos(θ) +Re 0] (4.7)
q˙e =[Re cos(θ)θ˙ −Re sin(θ)θ˙ 0] (4.8)
q¨e =[Re
(
cos(θ)θ¨ − sin(θ)θ˙2
)
−Re
(
cos(θ)θ˙2 + sin(θ)θ¨
)
0] (4.9)
ϑe =[0 0 θ] (4.10)
ωe =[0 0 θ˙] (4.11)
ω˙e =[0 0 θ¨] (4.12)
where Re denotes the eccentricity radius. Note that the inclusion of the shaft angular acceleration
is performed, with the purpose of initially accelerate the shaft velocity to 1500RPM , in order to
handle unphysical failure of the system at simulation startup.
This concludes the kinematics of the bodies in the tribodynamic system, and these kinematical
definitions are used to express the displacement chamber and tribological interface geometry and
motion.
Equations of Motion
As described in chapter 2 the motion of bodies are given by the Newton-Euler equations of motion
and the constraints of the multibody system are constituted by force constraints, which is illustrated
in Fig. 4.4. The parameters involved in the piston and cylinder equations of motion are given
Tab. 4.1.
From the figure, the piston is shown to be affected by a spring, a chamber pressure and tribological
forces from the piston-eccentric interface and the piston-cylinder interface. The resultant force
of the spring fs, the chamber pressure fpc, the piston-eccentric interface fpep and the piston-
cylinder interface fpctp + fpcbp, yields Newton’s equations of motion for the piston given as
mp q¨p = fpctp + fpcbp + fpep + fpc − fs (4.13)
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Figure 4.4: Multibody system constraints
where
fpc = −pcApc (4.14)
These forces also entail torques exerted on the piston, however the chamber pressure and spring
contribute with a net zero torque. Consequently, the interface torques from the piston-cylinder
npctp + npcbp and the piston-eccentric npep yields the Euler equations of rotation as
Jp ω˙p = npctp + npcbp + npep − ω˜p Jp ωp (4.15)
where
Jp =
 Jxxp 0 00 Jyyp 0
0 0 Jzzp
 (4.16)
The cylinder is, as well shown to be, affected by a spring force fs, a chamber pressure force fcc
and tribological forces from the cylinder-housing interface fchc and the piston-cylinder interface
fpctc + fpcbc, whereby the cylinder equations of motion are given as
mc q¨c = fpctc + fpcbc + fchc + fcc + fs (4.17)
Jc ω˙c = npctc + npcbc + nchc − ω˜c Jc ωc (4.18)
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where
Jc =
 Jxxc 0 00 Jyyc 0
0 0 Jzzc
 (4.19)
fcc = pcAcc (4.20)
These equations of motion account for the 12 degrees of freedom of the piston and cylinder. The
chamber force, spring force and tribological forces are described in the following.
Tribological Force Constraints
The fundamentals of the tribological force constraints are described in chapter 2 and 3. The ap-
plication of this theoretical basis to the modeling of the preliminary design is presented in the
following.
Piston-Eccentric Interface Constraint
The coupling between the piston and eccentric, termed the piston-eccentric interface, is a spherical
joint. A close examination of this interface reveals that the surface position, relative to the eccentric,
is varying with time, whereas the interface surface is static relative to the piston. Consequently,
the piston is chosen as reference body in the interface. The interface is shown in Fig. 4.5, where
the piston center of mass frame, is illustrated in cyan, and the piston body fixed surface frame
is illustrated in red. Furthermore, the surface map ϕpe and the piston body fixed surface frame
position spe are illustrated on the figure. Note that, the surface frame is located at the center of
mass of the eccentric, which is also shown on the figure.
Following the definition from Eqn. (2.23) the surface map ϕpe is given as
ϕpe(ξpe, ηpe) =

Rpe sin
(
ηpe
Rpe
)
cos
(
ξpe
Rpe
)
Rpe sin
(
ηpe
Rpe
)
sin
(
ξpe
Rpe
)
Rpe cos
(
ηpe
Rpe
)
 (4.21)
As a consequence of this definition, the consistency with the piston center of mass frame dictates
that, the surface frame orientation is given by
Aspe =
 1 0 00 0 1
0 −1 0
 (4.22)
The surface frame is positioned by the vector spe, which is given in the piston-eccentric parameter
list in Tab. 4.2.
From the definition, of the surface map, it follows that the {eˆξpe, eˆζpe, eˆηpe} frame is oriented
by the special orthogonal matrixApe, such that
Ape =

− sin
(
ξpe
Rpe
)
sin
(
ηpe
Rpe
)
cos
(
ξpe
Rpe
)
cos
(
ηpe
Rpe
)
cos
(
ξpe
Rpe
)
cos
(
ξpe
Rpe
)
sin
(
ηpe
Rpe
)
sin
(
ξpe
Rpe
)
cos
(
ηpe
Rpe
)
sin
(
ξpe
Rpe
)
0 cos
(
ηpe
Rpe
)
− sin
(
ηpe
Rpe
)
 (4.23)
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Figure 4.5: Piston-eccentric tribological interface
Additionally, from the definition of the unit cross-film vector, in Eqn. (2.3), it follows that the
piston-eccentric unit cross-film vector is given as
eˆcpe =

− sin
(
ηpe
Rpe
)
cos
(
ξpe
Rpe
)
− sin
(
ηpe
Rpe
)
sin
(
ξpe
Rpe
)
− cos
(
ηpe
Rpe
)
 (4.24)
Following the method, proposed in section 2.5, to describe the height function of a conformal
spherical joint, the position of the joint center on each bounding solid are needed, whereby these
are given in Tab. 4.2. The joint center on the piston is given by the surface frame position spe and
the joint center on the eccentric se coincides with the center of mass. The fluid film thickness for
the piston-eccentric interface is given as
hpe = Cpe + eˆcpe
Trecpe (4.25)
where
recpe = Aspe
TAp
T (Aese + qe −Apsp − qp) (4.26)
4.1. MULTIBODY TRIBODYNAMICS MODEL 61
Table 4.2: Piston-Eccentric interface parameters
Rpe 107.5mm Eccentric radius
ηpe,a 14
pi
180
Rpe Polar arc length start
ηpe,b 17.4
pi
180
Rpe Polar arc length end
spe [0mm − 161.1mm 0mm]T Surface frame position on piston
se [0mm 0mm 0mm]
T Joint center on eccentric
Cpe 15µm Piston-eccentric clearance
Note that the definition follows the convention, given in section 2.5, where the recpe is pointing
from the reference body, the piston, to the corresponding body, the eccentric.
The normal squeeze velocity of the fluid film is given as the time derivative of the height function,
such that
∂hpe
∂t
= eˆcpe
T r˙ecpe (4.27)
where
r˙ecpe =Aspe
T
(
Ap
T (Aeω˜ese + q˙e −Apω˜psp − q˙p)
+ω˜p
TAp
T (Aese + qe −Apsp − qp)
)
(4.28)
The fluid film wall velocities are given as
φp = Ape
TAspe
T
(
ω˜pspr +Ap
T q˙p
)
(4.29)
φe = Ape
TAspe
TAp
T (Aeω˜esec + q˙e) (4.30)
where
spr = Aspeϕpe + spe (4.31)
sec = Ae
T (Ap (spr + hpeeˆcpe) + qp − qe) (4.32)
Utilizing the spherical short bearing solution, presented in section 3.5, the piston-eccentric pressure
field ppe is determined by the fluidity δpe, which by ignoring temperature field variations is given
as
δpe =−
12α
∫ ηpe
ηpe,a
∫
Gpedηpedηpe
sin
(
ηpe
Rpe
)
h3pe
+
δpe,b − δpe,a + 12α
sin
(
ηpe
Rpe
)
h3pe
∫ ηpe,b
ηpe,a
∫
Gpedηpedηpe
ηpe,b − ηpe,a (ηpe − ηpe,a) + δpe,a
(4.33)
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where
δpe,a =
1
µ0
e−αpc (4.34)
δpe,b =
1
µ0
e−αpdrain (4.35)
Assuming that the lubricant physical wedge effect is dominant, when considering pressure gener-
ation related to Couette flow, yields a function Gpe given as
Gpe = sin
(
ηpe
Rpe
)
∂hpe
∂t
+
φeξ − φpξ
2
∂hpe
∂ξpe
+
φeη − φpη
2
∂
∂ηpe
(
sin
(
ηpe
Rpe
)
hpe
)
(4.36)
Utilization of the lubricant wall stress vector definition and the thin film approximation, yields the
eccentric wall stress vector ψpee given as
ψpee = ApAspeApe
 τζξ|ζ=0σζζ |ζ=0
τζη|ζ=0
 (4.37)
= ApAspeApe

−hpe
2
∂ppe
∂ξpe
+ µ
φpξ−φeξ
hpe
ppe
−hpe
2
∂ppe
∂ηpe
+ µ
φpη−φeη
hpe
 (4.38)
In a similar manner the piston wall stress vector ψpep is given as
ψpep = −ApAspeApe
 τζξ|ζ=h(ξ,η)σζζ |ζ=h(ξ,η)
τζη|ζ=h(ξ,η)
 (4.39)
= −ApAspeApe

hpe
2
∂ppe
∂ξpe
+ µ
φpξ−φeξ
hpe
ppe
hpe
2
∂ppe
∂ηpe
+ µ
φpη−φeη
hpe
 (4.40)
Finally, the tribological constraint forces from the piston-eccentric joint are given by integration of
the lubricant wall stress vectors. The spherical surface integration yields
fpep =
∫ ηpe,b
ηpe,a
∫ 2piRpe
0
ψpep sin
(
ηpe
Rpe
)
dξpedηpe (4.41)
npep =
∫ ηpe,b
ηpe,a
∫ 2piRpe
0
s˜prAr
Tψpep sin
(
ηpe
Rpe
)
dξpedηpe (4.42)
fpee =
∫ ηpe,b
ηpe,a
∫ 2piRpe
0
ψpee sin
(
ηpe
Rpe
)
dξpedηpe (4.43)
npee =
∫ ηpe,b
ηpe,a
∫ 2piRpe
0
s˜ecAe
Tψpee sin
(
ηpe
Rpe
)
dξpedηpe (4.44)
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Table 4.3: Piston-cylinder interface parameters
Rpc 30mm Cylinder radius
ξpcb,a 0mm Axial surface position start
ξpcb,b 10mm Axial surface position end
ξpct,a 0mm Axial surface position start
ξpct,b 10mm Axial surface position end
spct [0mm − 161.1mm 0mm]T Top frame position on cylinder
spcb [0mm 0mm 0mm]
T Bottom frame position on cylinder
Cpct 15µm Piston-cylinder clearance
Cpcb 25µm Piston-cylinder clearance
Piston-Cylinder Interface Constraints
The piston-cylinder interface is composed of two tribological surfaces. These are denoted the top
and bottom piston-cylinder interfaces, and are separated by the piston-cylinder groove, which is
shown in Fig. 4.12 on page 4.12. The model equations for these interfaces are given in the follow-
ing. A common feature for both of the interfaces is the cylindrical characterization. Furthermore,
as the interfaces are static relative to the cylinder, it is beneficial to choose the cylinder as the
reference body. A listing of parameters for the two interfaces is given in Tab. 4.3.
The Bottom Interface connects the piston-cylinder groove and the drain manifold, as shown in
Fig. 4.6, where the cylinder center of mass frame is illustrated in orange and the surface frame is
illustrated in red. The surface map ϕpcb and the cylinder body fixed surface frame position spcb
are also shown in the figure. The surface frame is located at the axial boundary of the tribological
surface, such that the surface is defined between ξpcb,a = 0 and ξpcb,b = 10mm.
In accordance with the definition, from Eqn. (2.21), the surface map ϕpcb is defined as
ϕpcb(ξpcb, ηpcb) =
 Rpcb cos(
ηpcb
Rpcb
)
Rpcb sin(
ηpcb
Rpcb
)
ξpcb
 (4.45)
The orientation of the surface frame with respect to the cylinder center of mass frame is given by
Aspc =
 1 0 00 0 1
0 −1 0
 (4.46)
From the definition of the surface map it follows that the {eˆξpcb, eˆζpcb, eˆηpcb} frame is oriented
by the special orthogonal matrix
Apcb =
 0 cos(
ηpcb
Rpcb
) − sin( ηpcb
Rpcb
)
0 sin(
ηpcb
Rpcb
) cos(
ηpcb
Rpcb
)
1 0 0
 (4.47)
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spcb
ϕpcb x
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Figure 4.6: Piston-cylinder bottom interface
and the unit cross-film vector is given as
eˆcpcb =
 −Rpcb cos(
ηpcb
Rpcb
)
−Rpcb sin( ηpcbRpcb )
−ξpcb
 (4.48)
In section 2.5, a method to describe the height function of a conformal cylindrical joint is proposed.
This approach is applied in this section to the piston-cylinder interface. In order to follow this
approach the eccentricity at ξpcb = 0 and the projection of the axial unit vector eˆapc is needed.
On this basis, the fluid film thickness for the piston-cylinder interface is given as
hpcb = Cpcb + eˆcpcb
T (repcb + ξpcb rapc) (4.49)
Ignoring the angle, between the axial center axis of the piston and cylinder, the eccentricity at
ξpcb = 0 yields
repcb = [eˆx eˆy 0]Aspc
TAc
T (Apspb + qp −Acspcb − qc) (4.50)
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where
spb = [0 eˆy 0]
(
Ap
T (Acspcb + qc − qp)
)
(4.51)
As the piston body fixed coordinate frame is placed, with the y-axis coincident with the axial axis
of the piston-cylinder interface, the axial unit vector eˆapc = eˆy is projected to the ξpcb = 0 plane,
such that rapc is given as
rapc = [eˆx eˆy 0]Aspc
TAc
TApeˆy (4.52)
The normal squeeze velocity of the fluid film is given as the time derivative of the height function,
such that
∂hpcb
∂t
= eˆcpcb
T (r˙epcb + ξpcb r˙apc) (4.53)
where
r˙epcb =[eˆx eˆy 0]Aspc
T
(
Ac
T (Apω˜pspb +Aps˙pb + q˙p −Acω˜cspcb − q˙c)
+ω˜c
TAc
T (Apspb + qp −Acspcb − qc)
)
(4.54)
s˙pb =[0 eˆy 0]
(
Ap
T (Acω˜cspcb + q˙c − q˙p)
+ω˜p
TAp
T (Acspcb + qc − qp)
)
(4.55)
r˙apc =[eˆx eˆy 0]Aspc
T
(
ω˜c
TAc
TApeˆy +Ac
TApω˜peˆy
)
(4.56)
The fluid film wall velocities are given as
φcb = Apcb
TAspc
T
(
ω˜cscbr +Ac
T q˙c
)
(4.57)
φpb = Apcb
TAspc
TAc
T (Apω˜pspbc + q˙p) (4.58)
where
scbr = Aspcϕpcb + spcb (4.59)
spbc = Ap
T (Ac (scbr + hpcbeˆcpcb) + qc − qp) (4.60)
Utilizing the cylindrical short bearing solution, presented in section 3.5, the bottom piston-cylinder
pressure field ppcb is determined by the fluidity δpcb, which by ignoring temperature field variations
is given as
δpcb =−
12α
∫ ξpcb
0
∫
Gpcbdξpcbdξpcb
h3pcb
+
δpcb,b − δpcb,a + 12αh3
pcb
∫ ξpcb,b
0
∫
Gpcbdξpcbdξpcb
ξpcb,b
ξpcb + δpcb,a (4.61)
66 CHAPTER 4. DIGITAL MOTOR MODEL
where the groove pressure pg and drain manifold pressure pdrain yields
δpcb,a =
1
µ0
e−αpg (4.62)
δpcb,b =
1
µ0
e−αpdrain (4.63)
Assuming that the lubricant physical wedge effect is dominant, when considering pressure gener-
ation related to Couette flow, yields a function Gpcb given as
Gpcb =
∂hpcb
∂t
+
φpbξ − φcbξ
2
∂hpcb
∂ξpcb
+
φpbη − φcbη
2
∂hpcb
∂ηpcb
(4.64)
The piston wall stress vector at the bottom interface ψpcbp is, in accordance with the lubricant
wall stress vector definitions, given as
ψpcbp = AcAspcApcb
 τζξ|ζ=0σζζ |ζ=0
τζη|ζ=0
 (4.65)
= AcAspcApcb

−hpcb
2
∂ppcb
∂ξpcb
+ µ
φcbξ−φpbξ
hpcb
−ppcb
−hpcb
2
∂ppcb
∂ηpcb
+ µ
φcbη−φpbη
hpcb
 (4.66)
In a similar manner the cylinder wall stress vector at the bottom interface ψpcbc is given as
ψpcbc = −AcAspcApcb
 τζξ|ζ=h(ξ,η)σζζ |ζ=h(ξ,η)
τζη|ζ=h(ξ,η)
 (4.67)
= −ApAspcApcb

hpcb
2
∂ppcb
∂ξpcb
+ µ
φcbξ−φpbξ
hpcb
−ppcb
hpcb
2
∂ppcb
∂ηpcb
+ µ
φcbη−φpbη
hpcb
 (4.68)
The tribological constraint forces from the piston-cylinder bottom interface is given by cylindrical
surface integration, such that
fpcbc =
∫ ξpcb,b
0
∫ 2piRpc
0
ψpcbcdηpcbdξpcb (4.69)
npcbc =
∫ ξpcb,b
0
∫ 2piRpc
0
s˜cbrAc
Tψpcbcdηpcbdξpcb (4.70)
fpcbp =
∫ ξpcb,b
0
∫ 2piRpc
0
ψpcbpdηpcbdξpcb (4.71)
npcbp =
∫ ξpcb,b
0
∫ 2piRpc
0
s˜pbcAp
Tψpcbpdηpcbdξpcb (4.72)
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The Top Interface connects the pressure chamber and the piston-cylinder groove, as shown in
Fig. 4.6, where the cylinder center of mass frame is illustrated in orange and the surface frame is
illustrated in red. The surface map ϕpct and the cylinder body fixed surface frame spct are also
shown in the figure. The surface frame is located at the axial boundary of the tribological surface,
such that the surface is defined between ξpct,a = 0 and ξpct,b = 10mm.
spct
ϕpct z
x
y
Figure 4.7: Piston-cylinder top interface
Following the definition from Eqn. (2.21) the surface map ϕpct is defined as
ϕpct(ξpct, ηpct) =
 Rpct cos(
ηpct
Rpct
)
Rpct sin(
ηpct
Rpct
)
ξpct
 (4.73)
As a consequence of this definition, the consistency with the cylinder center of frame leads to the
surface frame orientation given by
Aspct =
 1 0 00 0 1
0 −1 0
 (4.74)
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From the definition of the surface map it follows that the {eˆξpct, eˆζpct, eˆηpct} frame is oriented
by the special orthogonal matrix
Apct =
 0 cos(
ηpct
Rpct
) − sin( ηpct
Rpct
)
0 sin(
ηpct
Rpct
) cos(
ηpct
Rpct
)
1 0 0
 (4.75)
Additionally, it follows that the piston-cylinder unit cross-film vector is given as
eˆcpct =
 −Rpct cos(
ηpct
Rpct
)
−Rpct sin( ηpctRpct )
−ξpct
 (4.76)
Adopting the same approach, as for the bottom surface, the fluid film thickness for the piston-
cylinder top interface is given as
hpct = Cpct + eˆcpct
T (repct + ξpct rapc) (4.77)
Ignoring the angle between the axial center axis of the piston and cylinder, eccentricity at ξpct = 0
is expressed as
repct = [eˆx eˆy 0]Aspc
TAc
T (Apspt + qp −Acspct − qc) (4.78)
where
spt = [0 eˆy 0]
(
Ap
T (Acspct + qc − qp)
)
(4.79)
The normal squeeze velocity of the fluid film is given as the time derivative of the height function,
such that
∂hpct
∂t
= eˆcpct
T (r˙epct + ξpct r˙apc) (4.80)
where
r˙epct =[eˆx eˆy 0]Aspc
T
(
Ac
T (Apω˜pspt +Aps˙pt + q˙p −Acω˜cspct − q˙c)
+ω˜c
TAc
T (Apspt + qp −Acspct − qc)
)
(4.81)
s˙pt =[0 eˆy 0]
(
Ap
T (Acω˜cspct + q˙c − q˙p)
+ω˜p
TAp
T (Acspct + qc − qp)
)
(4.82)
r˙apc =[eˆx eˆy 0]Aspc
T
(
ω˜c
TAc
TApeˆy +Ac
TApω˜peˆy
)
(4.83)
The fluid film wall velocities are given as
φct = Apct
TAspc
T
(
ω˜csctr +Ac
T q˙c
)
(4.84)
φpt = Apct
TAspc
TAc
T (Apω˜psptc + q˙p) (4.85)
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where
sctr = Aspcϕpct + spct (4.86)
sptc = Ap
T (Ac (sctr + hpcteˆcpct) + qc − qp) (4.87)
Using the cylindrical short bearing theory, presented in section 3.5, the top piston-cylinder pressure
field ppct is determined by the fluidity δpct, which by ignoring temperature field variations is
expressed as
δpct =−
12α
∫ ξpct
0
∫
Gpctdξpctdξpct
h3pct
+
δpct,b − δpct,a + 12αh3pct
∫ ξpct,b
0
∫
Gpctdξpctdξpct
ξpct,b
ξpct + δpct,a (4.88)
where chamber pressure and groove pressure yields
δpct,a =
1
µ0
e−αpc (4.89)
δpct,b =
1
µ0
e−αpg (4.90)
Considering the lubricant physical wedge effect dominant with regard to the pressure generation
related to Couette flow, yields a function Gpct given as
Gpct =
∂hpct
∂t
+
φptξ − φctξ
2
∂hpct
∂ξpct
+
φptη − φctη
2
∂hpct
∂ηpct
(4.91)
The lubricant wall stress vector definition and the thin film approximation yields a piston wall
stress vector at the top interface ψpctp given as
ψpctp = AcAspcApct
 τζξ|ζ=0σζζ |ζ=0
τζη|ζ=0
 (4.92)
= AcAspcApct

−hpct
2
∂ppct
∂ξpct
+ µ
φctξ−φptξ
hpct
−ppct
−hpct
2
∂ppct
∂ηpct
+ µ
φctη−φptη
hpct
 (4.93)
In a similar manner, the cylinder at the top interface wall stress vector ψpctc is given as
ψpctc = −AcAspcApct
 τζξ|ζ=h(ξ,η)σζζ |ζ=h(ξ,η)
τζη|ζ=h(ξ,η)
 (4.94)
= −ApAspcApct

hpct
2
∂ppct
∂ξpct
+ µ
φctξ−φptξ
hpct
−ppct
hpct
2
∂ppct
∂ηpct
+ µ
φctη−φptη
hpct
 (4.95)
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Integration of the lubricant wall stress vectors leads to the tribological constraint forces from the
piston-cylinder joint, where the cylindrical surface integration yields
fpctc =
∫ ξpct,b
0
∫ 2piRpc
0
ψpctcdηpctdξpct (4.96)
npctc =
∫ ξpct,b
0
∫ 2piRpc
0
s˜ctrAc
Tψpctcdηpctdξpct (4.97)
fpctp =
∫ ξpct,b
0
∫ 2piRpc
0
ψpctpdηpctdξpct (4.98)
npctp =
∫ ξpct,b
0
∫ 2piRpc
0
s˜ptcAp
Tψpctpdηpctdξpct (4.99)
Cylinder-Housing Interface Constraint
The cylinder and housing are connected by a spherical interface, termed the cylinder-housing in-
terface. As opposed to the piston-eccentric and piston-cylinder interfaces the cylinder-housing
interface is beneficially described by defining the joint journal, that is the cylinder, as the reference
body. However, this is beneficial because the tribological surface is body fixed on the cylinder.
The interface is shown in Fig. 4.8, where the cylinder center of mass frame is illustrated in cyan
the cylinder fixed surface frame is illustrated in red. Furthermore, the surface map ϕch and the
cylinder body fixed surface frame position sch are illustrated on the figure.
Following the definition, from Eqn. (2.23), the surface map ϕch is defined as
ϕch(ξch, ηch) =

Rch sin
(
ηch
Rch
)
cos
(
ξch
Rch
)
Rch sin
(
ηch
Rch
)
sin
(
ξch
Rch
)
Rch cos
(
ηch
Rch
)
 (4.100)
As a consequence of this definition, the consistency with the cylinder center of mass frame dictates
that, the surface frame orientation is given by
Asch =
 1 0 00 0 1
0 −1 0
 (4.101)
The surface frame is positioned by the vector sch, which is given in the cylinder-housing interface
parameter list in Tab. 4.4.
It follows, from the definition of the surface map, that the {eˆξch, eˆζch, eˆηch} frame is oriented by
the special orthogonal matrix expressed as
Ach =

− sin
(
ξch
Rch
)
sin
(
ηch
Rch
)
cos
(
ξch
Rch
)
cos
(
ηch
Rch
)
cos
(
ξch
Rch
)
cos
(
ξch
Rch
)
sin
(
ηch
Rch
)
sin
(
ξch
Rch
)
cos
(
ηch
Rch
)
sin
(
ξch
Rch
)
0 cos
(
ηch
Rch
)
− sin
(
ηch
Rch
)
 (4.102)
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Figure 4.8: Cylinder-housing interface
The definition of the unit cross-film vector, in Eqn. (2.3), leads to the cylinder-housing unit cross-
film vector given as
eˆcch =

sin
(
ηch
Rch
)
cos
(
ξch
Rch
)
sin
(
ηch
Rch
)
sin
(
ξch
Rch
)
cos
(
ηch
Rch
)
 (4.103)
The method, presented in section 2.5, describe the height function of a conformal spherical joint,
whereby the position of the joint center on each bounding solid are needed, and these are given in
Tab. 4.4. The joint center on the cylinder is given by the surface frame position sch and the joint
center on the housing sh. The fluid film thickness for the cylinder-housing interface is given as
hch = Cch + eˆcch
Trecch (4.104)
where
recch = Asch
TAc
T (sh −Acsch − qc) (4.105)
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Table 4.4: Cylinder-housing interface parameters
Rch 81.4mm Cylinder-housing joint radius
ηch,a 22
pi
180
Rch Polar arc length start
ηch,b 25.1
pi
180
Rch Polar arc length end
sch [0mm − 20.4mm 0mm]T Surface frame position on cylinder
sh [0mm 207.4mm 0mm]
T Joint center on housing
Cch 5µm Cylinder-housing clearance
Note that the definition follows the convention, given in section 2.5, where the eccentricity vector
rech is pointing from the reference body, the cylinder, to the corresponding body, the housing.
The normal squeeze velocity of the fluid film is given as the time derivative of the height function,
such that
∂hch
∂t
= eˆcch
T r˙ecch (4.106)
where
r˙ecch =Asch
T
(
Ac
T (−Acω˜csch − q˙c)
+ω˜c
TAc
T (sh −Acsch − qc)
)
(4.107)
The fluid film wall velocities are given as
φc = Ach
TAsch
T
(
ω˜cschr +Ac
T q˙c
)
(4.108)
φh = 0 (4.109)
where
schr = Aschϕch + sch (4.110)
shc = (Ac (schr + hcheˆcch) + qc) (4.111)
The spherical short bearing solution, presented in section 3.5, yields a cylinder-housing pressure
field pch determined by the fluidity δch, which by ignoring temperature field variations is given as
δch =−
12α
∫ ηch
ηch,a
∫
Gchdηchdηch
sin
(
ηch
Rch
)
h3ch
+
δch,b − δch,a + 12α
sin
(
ηch
Rch
)
h3
ch
∫ ηch,b
ηch,a
∫
Gchdηchdηch
ηch,b − ηch,a (ηch − ηch,a) + δch,a
(4.112)
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where
δch,a =
1
µ0
e−αpc (4.113)
δch,b =
1
µ0
e−αpdrain (4.114)
Assuming that the lubricant physical wedge effect is dominant, with regard to the pressure gener-
ation caused by Couette flow, leads to a function Gch given as
Gch = sin
(
ηch
Rch
)
∂hch
∂t
+
φcξ
2
∂hch
∂ξch
+
φcη
2
∂
∂ηch
(
sin
(
ηch
Rch
)
hch
)
(4.115)
Utilization of the lubricant wall stress vector definition and the thin film approximation yields of
the cylinder wall stress vector ψchc given as
ψchc = AcAschAch
 τζξ|ζ=0σζζ |ζ=0
τζη|ζ=0
 (4.116)
= AcAschAch

−hch
2
∂pch
∂ξch
+ µ
−φcξ
hch−pch
−hch
2
∂pch
∂ηch
+ µ
−φcη
hch
 (4.117)
If the elasticity of the housing is considered, the approach in the chapter 2 provides the recipe to
extract the lubricant action on the housing. However, the model development in this dissertation
is limited to the rigid body tribological dynamics, and as the housing is assumed rigid these forces
are ignored.
Finally, the tribological constraint forces from the cylinder-housing joint are given by integration
of the lubricant wall stress vectors. The spherical surface integration yields
fchc =
∫ ηch,b
ηch,a
∫ 2piRch
0
ψchc sin
(
ηch
Rch
)
dξchdηch (4.118)
nchc =
∫ ηch,b
ηch,a
∫ 2piRch
0
s˜chrAc
Tψchc sin
(
ηch
Rch
)
dξchdηch (4.119)
Spring Force Constraint
In order to ensure proper operation, of the displacement chamber, a spring is inserted between the
piston and cylinder. The spring parameters are given in Tab. 4.5. The spring is a conical spring
with a variable pitch, which entail a linear relationship between the force and displacement. The
spring force is thereby expressed as function of the piston and cylinder position, such that
fs = Ks (xs + Ls,i) (4.120)
where
xs = Lsl − eˆyTAcT ((qc − qc,i)− (qp − qp,i)) (4.121)
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Table 4.5: Piston-cylinder spring parameter
Ks 32767
N
m
Spring stiffness coefficient
Ls,i 9.2mm Minimum assembly deformation of spring
qp,i [0mm 186.07mm 0mm]
T Initial position of the piston
qc,i [0mm 227.83mm 0mm]
T Initial position of the cylinder
Output Torque
In order to evaluate, the losses in the digital fluid power displacement unit, it is beneficial to de-
scribe the shaft output, whereby the output power is calculable. An illustration of the relation
between chamber pressure and the shaft rotational center is shown in Fig. 4.9.
pc
qe
qp
Figure 4.9: Chamber pressure action on the eccentric
The line of action of the chamber pressure force is described by a unit vector eˆpce as
eˆpce =
qe − qp
|qe − qp| (4.122)
The calculation of the output torque necessitates information regarding the eccentricity radius Rpe
and the area Aec, on which the pressure acts, which is provided in Tab. 4.6. Utilization of these
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Table 4.6: Output torque parameters
Rpe 107.5mm Eccentric radius
Aec 21.24 · 10−4 m2 Chamber pressure area on eccentric
Table 4.7: Valve flow parameters
Kv 2.22 · 10−8 m3Pa s Valve flow coefficient for pressure valve
pH 350Bar Pressure in high pressure manifold
pL 5Bar Pressure in low pressure manifold
pdrain 0Bar Pressure in drain manifold
parameters entails a pressure force fpres and torque npres acting on the eccentric given as
fpres = eˆpceAec pc (4.123)
npres = −eˆpceRpe × fpres (4.124)
The output torque from a single piston is thereby given as
nout = qe × (fpres + fpee) + npres +Aenpee (4.125)
Note that the piston-eccentric interface force fpee and torque npee also contribute to this torque.
4.2 Hydraulic Model
In this section the model considering the chamber pressure dynamics is presented. The chamber
pressure dynamics is the central part of the hydraulic model, shown in Fig. 4.10, which consists
of valve flow descriptions, the leakage flow representation, the piston-cylinder groove pressure
expression and a control volume description of the chamber pressure.
Valve Flows
Describing the valve flow entails considerations of the energy loss in the fluid when passing the
valve, and the plunger dynamics of the valve. In order to obtain high accuracy of valve models a
thorough treatment of geometric, kinetic and electromagnetic aspects is needed, which is not nec-
essary in order to evaluate the tribodynamics of the piston and cylinder. Therefore, idealized valve
models are used to describe the valve flow. The valves are assumed to be operating in the laminar
regime, which yields linearity between the pressure difference and flow. Furthermore, the valves
are assumed to switch at infinite velocity, in effect ignoring mechanics and actuation of the valves.
The constant of proportionality between valve pressure difference and flow is determined, such
that a pressure difference of 5 Bar equates to the maximum displacement flow in the displacement
chamber, which leads to the coefficient given in Tab. 4.7.
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pc
pdrain
QLPVQHPV
pL
pH
Qch
Qpc
Qpe
Figure 4.10: Hydraulic model
The valve flow of the high pressure valve is given as
QHPV = KonKv (pH − pc) (4.126)
and the low pressure valve as
QLPV = (1−Kon) Kv (pL − pc) (4.127)
The opening and closing of the valves are controlled by the chamber enabling variable Kon. This
chamber enabling parameter is reset toKon = 0 at bottom-dead-center (BDC). In order to simulate
a motoring operation the enabling parameter is set to Kon = 1 at top-dead-center (TDC), and
during simulation of idling operation the parameter is kept atKon = 0. In consequence, simulation
of part load operation is achieved by combining revolutions of idle and motoring operation. In
digital fluid power displacement units part load operation is also achievable by using partial strokes,
which means to switch the valve away from BDC and TDC, nonetheless this is aspect is omitted
in this dissertation.
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Table 4.8: Chamber kinematic parameters
Lchc 414.85mm Length from global frame to cylinder-housing joint center
Re 25mm Eccentricity radius
Leakage flow
The tribological interfaces in the digital motor are providing sealing in order to sustain high pres-
sure in the chamber. However, as the interfaces are also responsible for the bearing operation an
inherent leakage flow is present. This flow is calculated by integration of the lubricant velocity
profile over the fluid film intake surface. The leakage flows are thereby given as
Qpe =
∫ 2piRpe
0
−h3pe
12µ
∂ppe
∂ηpe
+
φpη + φeη
2
hpedξpe (4.128)
Qpct =
∫ 2piRpc
0
−h3pct
12µ
∂ppct
∂ξpct
+
φcξ + φpξ
2
hpctdηpct (4.129)
Qch =
∫ 2piRch
0
−h3ch
12µ
∂pch
∂ηch
+
φcη
2
hchdξch (4.130)
The total leakage flow is collected as the sum, given as
Qleak = Qpe +Qpct +Qch (4.131)
Pressure Chamber Kinematics
In order to describe the chamber pressure dynamics and the tribological system power input, a
kinematical description of the displacement chamber is needed. The parameters used for the kine-
matical descriptions are given in Tab. 4.8. In Fig. 4.11 the global frame, the eccentric center of
mass frame and the cylinder-housing joint center is shown. Neglecting the micro motion, of the
cylinder-housing joint center due to the motion of the cylinder, the position Lchceˆy of the cylinder-
housing joint center is static. Consequently, the eccentric position vector qe and the eccentricity
radius Re are used, together with this position vector Lchceˆy , to describe the chamber kinematics,
such that the displacement stroke position xp and velocity x˙p are given as
xp = Lchc +Re − |Lchceˆy − qe| (4.132)
x˙p =
q˙e
T (Lchceˆy − qe)√
(Lchceˆy − qe)T (Lchceˆy − qe)
(4.133)
Chamber Pressure Dynamics
To model the dynamics of the cylinder pressure pc, the control volume illustrated in Fig. 4.10 is
considered. The chamber pressure is influenced by chamber displacement, valve flows and leakage
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qe
Cylinder-housing
joint center
Lchc ea^
Lchc ea-qe^
Figure 4.11: Vectors used to describe the chamber kinematics
flows. Following the principle of mass conservation of a control volume, the continuity equation,
as given in Eqn. (4.134), is utilized to express pressure dynamics in the displacement chamber.
Qin −Qout = dVc
dt
+
Vc
βeff (pc)
dpc
dt
(4.134)
where the flow Qin into and outflow Qout from the volume Vc balance the volume rate of change
and compressibility flow. An effective bulk modulus βeff (pc), as function of the chamber pressure
pc is used, because the displacement chamber inevitably contains a certain amount of undissolved
air together with the oil.
Application to the displacement chamber control volume leads to
p˙c =
(QL +QH −Qleak +Ad x˙p) βeff (pc)
V0 −Ad xp (4.135)
As the hydraulic oil consist of a mixture of fluid and air, and the influence of the air is included in
the oil stiffness model by letting the amount of free air within the oil influence the effective fluid
stiffness βeff . The oil is capable of dissolving free air with increasing pressure, and the amount
of non-dissolved air has dominating impact on the oil stiffness. Consequently, the effective bulk
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Table 4.9: Chamber pressure model parameters
V0 2.827 · 10−4m3 Displacement chamber dead volume
Ad 28.27 · 10−4 m2 Displacement area
cad 1.4 Adiabatic constant for air
p0 10
5pa Atmospheric pressure
pca pc + p0 Absolute cylinder chamber pressure
A0 0.5% Volumetric ratio of free air in oil at patm
β0 16000Bar Hydraulic oil bulk modulus
modulus in the pressure chamber is modeled as
β =
(1− A0) e
p0−pca
β0 + A0
(
p0
pca
) 1
cad
1−A0
β0
e
p0−pca
β0 + A0
cad p0
(
p0
pca
) cad+1
cad
(4.136)
where A0 denotes the air-ratio of the total volume at atmospheric pressure, cad the adiabatic
constant, p0 the atmospheric pressure, pca the absolute fluid pressure and β0 the oil bulk modulus.
This rheology model has been studied experimentally and verified at low pressure levels [77].
Piston-Cylinder Groove Pressure
The groove between the piston-cylinder top and bottom interface is assumed to be small enough to
neglect the pressure dynamics. Consequently, the pressure in the groove, illustrated in Fig. 4.12,
is modeled quasi-statically as function of the chamber pressure and the piston-cylinder interface
lengths Lpct and Lpcb, such that
pg = pc
Lpcb
Lpcb + Lpct
(4.137)
pg
Lpcb
Lpct
Figure 4.12: Piston-Cylinder Groove
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Table 4.10: Mathworks Simulink solver configuration
Solver ode15s
Relative tolerance 10−6
Absolute tolerance auto
Maximum step size 10−3
Minimum step size 10−20
Initial step size 10−9
Solver reset method Robust
Solver Jacobian method auto
Shape preservation All disabled
Maximum order 5
Zero-crossing control All disabled
4.3 Model Implementation
Having established the mathematical expressions of the model a suitable numerical solving scheme
and software is necessarily utilized to obtain and examine the solution. The model equations are
implemented in Mathworks Simulink and solved with the solver configuration, given in Tab. 4.10.
The model is solved by an implicit solver ode15s, based on the Backward Differentiation Formulae
[78].
In addition, to the numerical solution of the ordinary differential equations in the model, the definite
integrations used in order to obtain lubricant forces and torque contributions are also calculated
numerically. The basis for the utilization of numerical integration is to avoid excessively large
analytical expression, which becomes inefficient to evaluate.
5
DIGITAL MOTOR SIMULATION
Simulation results of the preliminary motor design in different operation modes are given in this
chapter. These results are obtained with the model, presented in chapter 4. The main motivation,
behind the use of analytical short bearing pressure field solutions and the multibody tribodynamic
framework in the model, is an attempt to obtain computational efficiency, and thereby a practical
tool for wide-scale design optimization. However, the development of an optimization algorithm
containing this model is beyond the scope of this dissertation, wherefore the simulation results
showing a functional preliminary design are presented and the solved dynamics are discussed. The
simulation results are obtained with a minimum computational speed of 40 ms
hour
, which is the
equivalent of 1 simulated shaft revolution per hour.
As the digital fluid power displacement motor have the ability to enable and disable the displace-
ment chamber on a stroke by stroke basis a series of results is shown for the full-load, half-load,
quarter-load and idle operation. Furthermore, the results are analyzed in the context of sensitivity
to change in operating temperature, initial conditions and solid body density. Additionally, it is
found that a crucial aspect of the preliminary design is the cylinder-housing interface geometry.
Results showing that the change of clearance between the cylinder and housing can lead to ex-
treme pressure levels in the joint are presented and discussed. Finally, the energy consumption in
the tribodynamic system is provided.
With reference to the in-plane lubricant pressure gradient limitations, imposed from momentum
conservation in the piezoviscous lubrication theory, described in section 3.3 on page 39, the valid-
ity of the results necessitates evaluation of the pressure gradients, which for the results is less than
O(1010). Comparing this with the over conservative values in Fig. 3.4 on page 45, the pressure
gradient is considered to sufficiently comply with this requirement, and as the temperature is mod-
eled as constant in the lubricant a compliance with the hydrodynamic piezoviscous theory is found.
Note, this only serves as an evaluation of compliance with the hydrodynamic piezoviscous theory,
and not as a validation of the modeling results, which lack descriptions of thermal, elastic and sur-
face roughness effects, and these aspect might not be negligible, which in reference to the design
methodology proposed in section 1.7 on page 20, may yield a revision of this simplified model in
order to perform a meaningful tribodynamic optimization. Further comments on this aspect are
provided in the following evaluation of the simulation results.
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5.1 Modulated Operation
In this section, results are shown from simulations with operations modulated at full-load, enabling
all strokes, half-load, disabling every other stroke, quarter-load, disabling every fourth stroke, and
idle operation where all strokes are disabled. The results are ordered by interfaces and presented by
use of minimum and maximum values from the film thickness and pressure fields. Additionally, a
spatial and temporal representation of the dimensionless joint eccentricities is used. In this context
the dimensionless eccentricities are obtained by normalization with the nominal joint clearance.
An inherent challenge in the analysis of digital motors is the stroke-by-stroke controlled displace-
ment chamber, whereby eventual periodic behavior involves time periods of over one revolution.
However, the full-load and idle operation is repetitions of the same behavior each revolution. Con-
sequently, these are used to provide a 12 sample per revolution contour representation of the pres-
sure and film thickness fields. In addition, contour representations of the wedge effect term, the
normal squeeze effect term, the G function and the wall velocities φξ and φη is found in appendix
A-G, which serve as reference work to the presentation of influential terms with regard to pressure
field. The temporal representations of interface dynamics is provided with a composition of plots
with the stroke position, chamber pressure, the minimum and maximum film thickness and film
pressure, together with eccentricity dynamics. This information is presented on single pages with
comparable time axis in order to ease the study of the results. For instance, the interface dynamics
of the piston-eccentric at full load operation are shown on page 85. Note that, the zoom on the
temporal dynamics, for full-load and idle operation, corresponds to the 12 sample per revolution
contour representations. In order to relate, the time to the shaft angle, the reader should resort to
the stroke position, which is at TDC when θ = 90 and BDC when θ = 270.
The simulations, presented in this section, are obtained with initial conditions, where the eccen-
tricity of all interfaces is zero and the velocity of all bodies is zero.
Piston-Eccentric Interface Dynamics
The piston-eccentric specifications utilized in the simulation are given in Tab. 5.1. The full-
load, half-load and quarter-load minimum and maximum film thickness and pressure are shown
in Fig. 5.2, Fig. 5.4, Fig. 5.6 and Fig. 5.8. Furthermore, the spatial and temporal evolution of the
dimensionless eccentricity is shown in Fig.5.3, Fig.5.5, Fig.5.7 and Fig.5.9. Additionally, samples
of the pressure field in idle and full operation mode is shown in Fig. 5.10, Fig. 5.11, Fig. 5.12 and
Fig. 5.13.
Table 5.1: Specification for the piston-eccentric interface
Piston-Eccentric clearance 15µm
Piston-Eccentric interface length 6.4mm
Polar arc length start 14 pi
180
Rpe
Polar arc length end 17.4 pi
180
Rpe
Eccentric radius 107.5mm
The transient regions in the minimum film thickness dynamics reveal a response with sufficient
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damping, such that no significant oscillating behavior occurs. As a consequence, the minimum
film thickness of the piston-eccentric interface settles to a near constant value at idling operation.
Meanwhile, the maximum film thickness is oscillating at idling operation, which therefore con-
cludes an oscillating tilt of the piston-eccentric film. This is also shown in the film thickness field
data. In addition, the minimum film thickness at idling operation occurs at the same point of the
lubrication film, during the whole revolution, and this location is illustrated in Fig. 5.1.
Figure 5.1: Point of minimum film thickness in the Piston-Eccentric tribological interface
at idle operation
The presence of high pressure in the displacement chamber decrease the thickness before the film
is sufficiently load carrying, which reveal that the chamber pressure action on the piston is not
hydrostatically balanced. This thickness decrease is shown, in samples of the film thickness field,
between TDC θ = 90 and BDC θ = 270, which is at the high pressure intake stroke.
The settling of the eccentricity dynamics is shown to be faster than one shaft revolution, whereby
the half-load and quarter-load mode are compositions of the idle cycle and the full-load cycle
behavior. At full-load operation the xz-plane in the surface frame show an evident limit cycle
behavior, and the examination of the idle operation eccentricity locus reveal a more contracted
region in the xz-plane. This indicates the influence of the displacement chamber pressure on these
cycles. These two xz-plane cycles is also appearing in the eccentricity magnitude data.
The eccentricity motion in the y-axis direction is small compared to the other directions. However,
the trajectory in this direction is not converged to a specific region, whereby the significance of this
is inconclusive.
A closer examination, of the minimum pressure, reveals that a cavitation region occurs when the
pressure in the displacement chamber is decreasing. This is the direct consequence of the positive
normal squeeze velocity, which develop due the unloading of the joint.
Focusing attention on the idle operation, the region at 180 degrees circumferential angle is no-
ticeable. At shaft angles, in the range from BDC θ = 270 to TDC θ = 90, a pressure increase
occur in this region, which is due to the wedge effect, occurring as a result of the polar angle film
thickness gradient, in the region of low film thickness. On the contrary, this region is cavitating,
at shaft angle θ = 195 and θ = 225, because the wedge term in the G function becomes positive,
as shown in Fig. C.5 on page 176. At 90 and 270 degrees circumferential angle, the wall veloc-
ity in the circumferential direction and the circumferential film thickness gradient is producing a
pressure generating wedge effect. In addition, at 0 degrees circumferential angle the polar film
thickness gradient and the polar wall velocity are producing a pressure generating wedge effect.
Note that, in these regions significant pressure is present during the entire motor revolution, which
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is because the gradient of film thickness and the eccentric wall velocity provides a negative wedge
contribution, as shown in Fig. C.5 on page 176, thus generating pressure.
During the period of high pressure in the displacement chamber, when running in full-load oper-
ation, the lubricant pressure is monotonically decreasing from the chamber boundary to the drain
boundary. In addition to the diffusion of pressure, the field is also influenced by the wedge effect,
which is shown, in the vicinity of 180 degrees circumferential angle, in the pressure field.
In conclusion, the main pressure generating phenomenon, which provide a load carrying ability
of the piston-eccentric interface, is the physical wedge, which is powered by the angular velocity
of the eccentric. In the piston-eccentric interface, the tribodynamic response to changes in the
displacement chamber pressure, reveals to be fast enough to reach a periodic behavior in one motor
revolution. In consequence, the modulated operation of the digital motor entail a tribodynamic
behavior, which is composition of the full-load and idle operation dynamics. Another aspect,
revealed by the simulation results, is cavitation regions in all operating modes, and this raise a
concern of cavitation damage, which is of interest for further research. However, caution should be
exercised with regard to the validity of these results. Although the model incorporates a complete
spatial kinematics formulation and piezoviscous lubrication theory, it still represents a simplified
model, neglecting the significant and difficult aspects of elasticity and surface roughness. With
regard to roughness, the wedge effect could be enhanced, which would be of interest to include in
the model. Furthermore, the deformation of surfaces can affect both the pressure diffusion process
and the thickness gradient. Finally, note that this is a simulation of a preliminary design and the
used nominal clearance is not chosen considering manufacturing constraints, which are an essential
aspect to incorporate into multibody tribodynamic optimization.
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Figure 5.2: Piston-eccentric film and pressure dynamics at full load
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Figure 5.3: Piston-eccentric eccentricity at full load
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Figure 5.4: Piston-eccentric film and pressure dynamics at half load
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Figure 5.5: Piston-eccentric eccentricity at half load
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Figure 5.6: Piston-eccentric film and pressure dynamics at quarter load
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Figure 5.7: Piston-eccentric eccentricity at quarter load
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Figure 5.8: Piston-eccentric film and pressure dynamics at idle
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Figure 5.9: Piston-eccentric eccentricity at idle
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Figure 5.10: Piston-eccentric full-load pressure field during one revolution
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Figure 5.11: Piston-eccentric full-load pressure field during one revolution
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Figure 5.12: Piston-eccentric idle pressure field during one revolution
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Figure 5.13: Piston-eccentric idle pressure field during one revolution
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Piston-Cylinder Bottom Interface Dynamics
The results from simulation of modulated operations are in the following presented for the piston-
cylinder bottom joint. The piston-cylinder bottom specifications utilized in the simulation are given
in Tab. 5.3. The full-load, half-load and quarter-load minimum and maximum film thickness and
pressure are shown in Fig. 5.14, Fig. 5.16, Fig. 5.18 and Fig. 5.20. Furthermore, the eccentricity,
tilt axis projection and the tilt angle are shown in Fig. 5.15, Fig. 5.17, Fig. 5.19 and Fig. 5.21.
Additionally, the full-load and idle operation pressure and thickness field are given in Fig. 5.22,
Fig. 5.23, Fig. 5.24 and Fig. 5.25.
Table 5.2: Specification for the piston-cylinder bottom interface
Piston-Cylinder bottom clearance 25µm
Piston-Cylinder bottom interface length 10mm
Axial coordinate start 0mm
Axial coordinate end 10mm
Cylinder diameter 60mm
The dynamics are shown to be slower than that of the piston-eccentric interface. The settling of
periodic behavior occur during multiple revolutions for both full-load and idle operation. Conse-
quently, the modulated half-load and quarter-load operations exhibit a more complex behavior than
shown from the results of the piston-eccentric interface. At full-load operation the minimum film
thickness occur at 180 degrees circumferential angle, and the minimum film thickness is oscillating
between 0 and 180 degrees circumferential angle at idle operation. At half-load and quarter-load
operation a composition of this behavior is shown, whereby the x-axis eccentricity seems to be
forced towards the negative boundary with increasing power output of the displacement chamber.
As for the piston-eccentric interface, the significance of the eccentricity motion in the y-axis di-
rection is inconclusive, because the eccentricity trajectory is not converged and the magnitude is
significantly smaller than the other eccentricity axes.
At the time period of high pressure, during full-load operation, the eccentricity entails a minimum
film thickness at 180 degrees circumferential angle. From Eqn. (4.61) on page 65, the decrease of
film thickness is shown to enhance the effects described by the G function, which are the normal
squeeze and wedge effect. In full-load operation neither the wedge effect nor the normal squeeze
effect dominates, nevertheless these effects oppose each other in this mode, which can be seen in
Fig. C.6 on page 176 and Fig. D.6 on page 182. Consequently, it is only at locations of low film
thickness the pressure field is shown to be composed by the diffusion of pressure, from chamber to
drain, and the normal squeeze and wedge effect, whereby the higher pressure levels extents further
toward the low pressure region.
At idling operation, a switching of dominance between the wedge effect and the squeeze effect
occur, which can be seen in Fig. C.6 on page 176 and Fig. D.6 on page 182. However, from
the wedge effect and normal squeeze effect fields, the normal squeeze action are shown to be
dominant. This entails development of a circumferential pressure profile spanning from, a low
pressure region on one side of the piston, to a high pressure region on the other side. Consequently,
this squeeze action induces cavitation zones at shaft angles θ = [15..75] and θ = [165..225] in idle
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operation. A cavitation zone also develops, during full-load operation, when the pressure chamber
is depressurized. This is attributed to the unloading of the piston-eccentric interface, where the
piston tilt change, and this is producing a normal squeeze velocity entailing development of a
cavitation zone.
In conclusion, the piston-cylinder interface is shown to be influenced by both wedge and normal
squeeze effects. In idling mode the normal squeeze action dominates, whereas in full-load oper-
ation the eccentricity oscillation are decreased and the wedge effect becomes as influential as the
normal squeeze effect. The observed cavitation zones at the unloading of the pressure in the dis-
placement chamber, indicate an influence from the piston-eccentric interface, which underlines the
importance of multibody modeling in evaluation of tribodynamic systems. In addition, a significant
portion of the idling operation exhibit cavitation zones, these may have potential for developing
surface wear, during cavitation bubble collapse, which is of interest for further research. Consider-
ing the piston-cylinder interface, an aspect such as elasticity becomes interesting, due to the effect
of the displacement chamber pressure expanding the diameter, of both the piston and cylinder, and
the effect of the lubricant pressure, compensating the chamber pressure action on the piston and
expanding the cylinder diameter in the interface, whereby the fluid film thickness could be signifi-
cantly altered. This effect would be interesting to include in the model, however the tempting idea
of coupling the model with a finite element calculation of the solid bodies deformation needs to
be performed in a computational efficient manner, because, as the results show, the convergence to
steady periodic behavior entail simulation times of up to 1 second, which with 1500 RPM corre-
sponds to 25 revolutions. Having to solve a finite element model at each time step might render
such approach impractical.
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Figure 5.14: Piston-cylinder bottom film and pressure dynamics at full load
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Figure 5.15: Piston-cylinder bottom eccentricity at full load
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Figure 5.16: Piston-cylinder bottom film and pressure dynamics at half load
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Figure 5.17: Piston-cylinder bottom eccentricity and tilt angle dynamics at half load
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Figure 5.18: Piston-cylinder bottom film and pressure dynamics at quarter load
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Figure 5.19: Piston-cylinder bottom eccentricity and tilt angle dynamics at quarter load
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Figure 5.20: Piston-cylinder bottom film and pressure dynamics at idle
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Figure 5.21: Piston-cylinder bottom eccentricity and tilt angle dynamics at idle
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Figure 5.22: Piston-cylinder bottom full-load pressure field during one revolution
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Figure 5.23: Piston-cylinder bottom full-load pressure field during one revolution
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Figure 5.24: Piston-cylinder bottom idle pressure field during one revolution
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Figure 5.25: Piston-cylinder bottom idle pressure field during one revolution
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Piston-Cylinder Top Interface Dynamics
Simulation results of modulated operations are presented for the piston-cylinder top interface in the
following. The piston-cylinder top specifications utilized in the simulation are given in Tab. 5.3.
The full-load, half-load and quarter-load minimum and maximum film thickness and pressure are
shown in Fig. 5.26, Fig. 5.28, Fig. 5.30 and Fig. 5.32. Furthermore, the eccentricity, tilt axis
projection and the tilt angle are shown in Fig. 5.27, Fig. 5.29, Fig. 5.31 and Fig. 5.33. Additionally,
the full-load and idle operation pressure and thickness field are given in Fig.5.34, Fig.5.35, Fig.5.36
and Fig. 5.37.
Table 5.3: Specification for the piston-cylinder top interface
Piston-Cylinder top clearance 15µm
Piston-Cylinder top interface length 10mm
Axial coordinate start 0mm
Axial coordinate end 10mm
Cylinder diameter 60mm
The piston-cylinder top interface dynamics are similar to that of the piston-cylinder bottom in-
terface. These two interfaces share the same bounding solids and are of similar geometrical and
kinematical characteristics, whereby a similar dynamic behavior is also expected. However, a dif-
ference between the two interfaces is the eccentricity dynamics. At idle operation, a comparison of
the eccentricity dynamics between the top and bottom interface reveal that the top joint oscillates
with largest magnitudes on the negative x-axis, whereas the bottom joint oscillates with largest
magnitudes on the positive x-axis. This entails an opposite phase of the normal squeeze velocity.
As a consequence, the cavitation zone, which occurs at shaft angle θ = [165..225], is located at
the opposite side of the piston compared with the piston-cylinder bottom interface. Furthermore,
there is no cavitation between BDC and TDC, due to the higher pressure on both sides of the top
interfaces during discharge to the low pressure manifold.
In total, the results for the piston-cylinder top interface reveal film heights near 1µm, which is
of concern with regard to surface roughness and the occurrence of asperity contact. Additionally,
the surface roughness might enhance the load carrying effect of this sliding joint, whereby the film
heights could increase. As for the piston-cylinder bottom interface, the elasticity of piston and
cylinder is interesting in order to include effects on the pressure diffusion process and physical
wedge pressure generation. The difficulty of manufacturing a joint with a diameter of 60mm with
a 15µm clearance is as well a concern. However, as the objective of this dissertation, is a modeling
framework for the digital motor, the in-depth design considerations, are not fully addressed. The
consideration of manufacturing constraints is a necessity. However, these considerations also favor
a justification of the virtual design approach, as this enables evaluation of how the clearance spec-
ifications affect the tribodynamics, prior to prototype realization. In the context of manufacturing
constraints the formulation of joint imperfections is also an interesting topic for further research,
with an aim to formulate relations between the manufacturing process and the tribodynamic be-
havior of the displacement machine.
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Figure 5.26: Piston-Cylinder top film and pressure dynamics at full load
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0
0.2
0.4
0.6
0.8
Time [s]
E
cc
en
tr
ic
it
y
m
a
g
n
it
u
d
e
1.81 1.82 1.83 1.84
0
0.2
0.4
0.6
0.8
0 0.1 0.2
−4
−2
0
2
4
x 10
−4
Tilt axis
projection
Surface frame x-axis
S
u
rf
a
ce
fr
a
m
e
y
-a
x
is
−1 −0.8 −0.6 −0.4 −0.2 0
−5
0
5
10
15
x 10
−4
Surface frame x-axis
S
u
rf
a
ce
fr
a
m
e
y
-a
x
is
Eccentricity
zoom
−1 −0.5 0 0.5 1
−1
−0.5
0
0.5
1
Surface frame x-axis
S
u
rf
a
ce
fr
a
m
e
y
-a
x
is
Eccentricity
0
0.05
0.1
0.15
0.2
0
0.05
0.1
0.15
0.2
N
o
rm
a
li
ze
d
ti
lt
in
g
a
n
g
le
Figure 5.27: Piston-Cylinder top eccentricity at full load
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Figure 5.28: Piston-cylinder top film and pressure dynamics at half load
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Figure 5.29: Piston-cylinder bottom eccentricity and tilt angle dynamics at half load
102 CHAPTER 5. DIGITAL MOTOR SIMULATION
0 0.2 0.4 0.6 0.8 1 1.2
0
50
C
h
am
b
er
st
ro
ke
p
os
it
io
n
[m
m
]
Time [s]
1 1.05 1.1
0
50
Time [s]
0
500
0
500
C
h
am
b
er
p
re
ss
u
re
[B
a
r
]
0 0.2 0.4 0.6 0.8 1 1.2
0
10
20
30
M
in
th
ic
k
n
es
s
[µ
m
]
1 1.05 1.1
0
10
20
30
1 1.05 1.1
−1
2
5
Time [s]
0 0.2 0.4 0.6 0.8 1 1.2
0
200
400
Time [s]
M
in
p
re
ss
u
re
[B
a
r
]
0
10
20
30
0
10
20
30
M
ax
th
ic
k
n
es
s
[µ
m
]
0
200
400
M
ax
p
re
ss
u
re
[B
a
r
]
0
200
400
Figure 5.30: Piston-cylinder top film and pressure dynamics at quarter load
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Figure 5.31: Piston-cylinder top eccentricity and tilt angle dynamics at quarter load
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Figure 5.32: Piston-cylinder top film and pressure dynamics at idle
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Figure 5.33: Piston-cylinder top eccentricity and tilt angle dynamics at idle
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Figure 5.34: Piston-cylinder top full-load pressure field during one revolution
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Figure 5.35: Piston-cylinder top full-load pressure field during one revolution
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Figure 5.36: Piston-cylinder top idle pressure field during one revolution
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Figure 5.37: Piston-cylinder top idle pressure field during one revolution
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Cylinder-Housing Interface Dynamics
The cylinder-housing specifications utilized in the simulations are given in Tab. 5.4. The full-
load, half-load and quarter-load minimum and maximum film thickness and pressure are shown in
Fig. 5.38, Fig. 5.40, Fig. 5.42 and Fig. 5.44. Furthermore, the spatial and temporal evolution of the
dimensionless eccentricity is shown in Fig. 5.39, Fig. 5.41, Fig. 5.43 and Fig. 5.45. Additionally,
samples of the pressure field in idle and full operation mode is shown in Fig. 5.46, Fig. 5.47,
Fig. 5.48 and Fig. 5.49.
Table 5.4: Specification for the cylinder-housing interface
Cylinder-housing clearance 5µm
Cylinder-housing interface length 4.4mm
Polar arc length start 22 pi
180
Rch
Polar arc length end 25.1 pi
180
Rch
Eccentric radius 81.4mm
The minimum film thickness seems to evolve asymptotically towards a periodic oscillating state,
where the point of minimum film thickness is oscillating between the circumferential angles 0
degrees and 180 degrees, which is shown in the thickness field. The position of the minimum film
thickness is indicated by the sign of the x-axis eccentricity. Note that, the x-axis eccentricity is
stretching longer on the negative side than the positive side, which entail a biasing of the thickness
field. This biasing is attributed to viscous friction forces, acting on the cylinder from the piston-
cylinder joint, and the spring force, which is increased during discharge stroke and released during
intake stroke.
The eccentricity trajectories are converging to the same cycle regardless of whether the operation
is full-load, half-load, quarter-load or idle. The eccentricity magnitude for the idle operation reveal
a response with similarities to linear first order systems, whereas the load operations exhibit super-
posed oscillations during the transient period, which is shown to correspond to the period, where
the x-axis eccentricity is negative during the whole revolution. Consequently, the transient period
of the eccentricity magnitude corresponds to a minimum film thickness located at 180 degrees
circumferential angle.
The normal squeeze effect dominates the pressure generation in the cylinder-housing interface.
However, at TDC and BDC the wedge effect is at maximum level, which follows from the pivoting
motion of the cylinder. In these periods the wedge effect provides sufficient opposition to the
normal squeeze action, such that lubrication film failure is avoided. At the shaft angles θ = 0
and θ = 180 the wall velocities are near zero, which entail a decrease in minimum film thickness.
At this particular motor design configuration, the thickness converges to a periodic cycle of low
values, which could be problematic with regard to surface asperity contact, because the pressure
levels are not high enough to provide elastohydrodynamic lubrication. Furthermore, the nominal
clearance of 5µm is a challenge with respect to the manufacturing process, whereby the cylinder-
housing interface appear as a problematic joint in the design of a MW capacity digital fluid power
motor utilizing the telescopic piston-cylinder interface. A consequence can be a redesign, where a
different bearing type should be used in order to realize the telescopic piston-cylinder topology.
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In Fig. 5.50 and Fig. 5.51 a parametric analysis of the cylinder-housing joint is shown, where
a nominal clearances of 5µm, 15µm and 25µm are used. The results show how the maximum
pressure in the lubrication film increase to levels above 1000Bar, and the minimum film thickness
decrease below 1µm. Additionally, an interesting aspect of this parametric study is shown in
the eccentricity dynamics. The increase in nominal clearance reveals a faster attenuation of the
oscillations in the eccentricity magnitude. This is caused by the increase of the diffusivity with
increasing nominal clearance, whereby the eccentricity necessarily needs to reach high magnitudes,
entailing lower film thickness, before the lubricant sustain sufficient pressure to provide a load
carrying ability.
In conclusion, the cylinder-housing interface eccentricity converges to a limit independently on the
utilized modulated operation. However, the limit is shown to entail a very low fluid film thick-
ness, whereby the influence of elastic deformation of bounding solids and surface roughness is
of interest. The wedge action is revealed to be a key aspect for the successful lubrication of the
cylinder-housing interface. Consequently, the sliding velocity of this joint is of importance in the
design of the telescopic piston-cylinder system topology.
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Figure 5.38: Cylinder-housing film and pressure dynamics at full-load operation
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Figure 5.39: Cylinder-housing eccentricity dynamics at full-load operation
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Figure 5.40: Cylinder-housing film and pressure dynamics at half-load operation
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Figure 5.41: Cylinder-housing eccentricity dynamics at half-load operation
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Figure 5.42: Cylinder-housing film and pressure dynamics at quarter-load operation
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Figure 5.43: Cylinder-housing eccentricity dynamics at quarter-load operation
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Figure 5.44: Cylinder-housing film and pressure dynamics at idle operation
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Figure 5.45: Cylinder-housing eccentricity dynamics at idle operation
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Figure 5.46: Cylinder-housing full-load pressure field during one revolution
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Figure 5.47: Cylinder-housing full-load pressure field during one revolution
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Figure 5.48: Cylinder-housing idle pressure field during one revolution
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Figure 5.49: Cylinder-housing idle pressure field during one revolution
114 CHAPTER 5. DIGITAL MOTOR SIMULATION
0 0.1 0.2 0.3 0.4 0.5
0
50
C
h
am
b
er
st
ro
ke
p
os
it
io
n
[m
m
]
Time [s]
0.53 0.54 0.55 0.56
0
50
Time [s]
0
500
0
500
C
h
am
b
er
p
re
ss
u
re
[B
a
r
]
0 0.1 0.2 0.3 0.4 0.5
0
2
4
6
8
M
in
th
ic
k
n
es
s
[µ
m
]
0.53 0.54 0.55 0.56
0
2
4
6
8
0.53 0.54 0.55 0.56
0
1500
3000
Time [s]
0 0.1 0.2 0.3 0.4 0.5
0
1500
3000
Time [s]
M
in
p
re
ss
u
re
[B
a
r
]
0
2
4
6
8
0
2
4
6
8
M
ax
th
ic
k
n
es
s
[µ
m
]
0
1500
3000
M
ax
p
re
ss
u
re
[B
a
r
]
0
1500
3000
Figure 5.50: Cylinder-housing film and pressure dynamics at 5µm(Red), 15µm(Cyan) and
25µm(Yellow). Dotted lines represent maximum quantities.
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Figure 5.51: Cylinder-housing eccentricity dynamics at 5µm(Red), 15µm(Cyan) and
25µm(Yellow)
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5.2 Parametric Analysis of Operating Temperature
The simulation results presented in this chapter are based on an isothermal model, whereby the
coefficients of the Vogel-Barus model are evaluated at a constant temperature throughout the sim-
ulation. However, as shown in Fig. 3.1 on page 37, the viscosity changes significantly with temper-
ature. In order to address this issue, a sensitivity analysis to the change of operating temperature is
presented in this section.
The full-load operation results of minimum and maximum film thickness and pressure are shown in
Fig. 5.38, Fig. 5.40, Fig. 5.42 and Fig. 5.44. Furthermore, the spatial and temporal evolution of the
dimensionless eccentricity is shown in Fig. 5.39, Fig. 5.41, Fig. 5.43 and Fig. 5.45. As expected the
film thickness is changed with changing temperature. The increase of viscosity leads to increase in
load carrying ability, as the pressure diffusion process is restricted. On the contrary, the decrease of
viscosity may lead to catastrophic failure of the tribological interfaces, due to lack of load carrying
ability.
The eccentricity magnitude of the piston-eccentric interface is lowered by decrease in viscosity.
This should not be equated with a decrease in minimum film thickness, which would be counter
intuitive as the decrease of viscosity should provide less load carrying ability. However, as shown
in the xz-plane, the eccentricity in the simulation results, with an operating temperature of 60◦C,
stretch further on the positive z-axis, which results in lower minimum film thickness as expected.
A noteworthy aspect of these results is the difference between the minimum film thickness at high
pressure state and the minimum film thickness at low pressure state in the displacement chamber.
As viscosity increase the difference between the minimum film thickness, of these two periods, is
increased, which in consequence increase the circumference of the limit cycles in the xz-plane.
This change with temperature is attributed to the thermal influence on the diffusivity coefficient,
because the main eccentricity change occur at TDC and BDC, where the axial velocity in the
piston-cylinder interface is lowest, entailing a low friction contribution.
The minimum lubricant pressure in the piston-cylinder bottom interface reveal that, the decrease of
temperature entail an increase of the period of cavitation subsequent to the unloading of pressure in
the displacement chamber. Furthermore, the tilt angle of the piston-cylinder interfaces is lowered
along with temperature. Examination of the piston-cylinder top interface, show the severity of
temperature increase on the load carrying ability of the lubrication film. At 60◦C the minimum
film thickness is lower than 1µm and entails pressure levels above 1000Bar.
The cylinder-housing interface is already at 40◦C running at questionable low film thickness,
which is further decreased with increasing temperature. Another interesting aspect is the oscillat-
ing behavior of the eccentricity magnitude, which is attenuated faster with increased temperature,
and thereby decreased viscosity. This damping of the oscillations is somehow contradictory to the
intuitive idea of increased damping with increased viscosity. However, by examining the xz-plane
eccentricity behavior, the locus is shown to converge more rapidly on the z-axis in simulations with
increased operating temperature, which is caused by the increase of diffusivity as a consequence
of decreasing viscosity. Furthermore, a slight offsetting of the converging limit cycles towards the
positive half plane of xz-plane is shown. This is attributed to increased viscous friction in the
piston-cylinder interface.
In conclusion, the change of operating temperature show that thermal consideration in tribody-
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namic modeling inevitably needs to be addressed, as the influence is significant and potentially
leads to failure of full film lubrication. This is indeed a well-established conclusion within the
literature of tribology [15], however the problem of including thermal effects in multibody tribo-
dynamic simulations is to retain computational efficiency. The energy conservation law produces
a partial differential equation of three spatial dimensions, which therefore necessitates discretiza-
tion of the cross-film coordinate. Furthermore, the kinematics of the interfaces requires dynamical
meshing for the thermal field solver. In addition, the solution of the lubricant thermal field also
requires boundary condition, whereby the thermal fields of bounding solids are needed. In con-
sequence, the inclusion of thermal effects in multibody tribodynamic models, while retaining the
practicality for optimization and wide-scale design analysis, is an open problem in tribodynamic
research. In chapter 6, a perturbation approach to the thermal field calculation is proposed, whereby
the cross-film discretization and dynamic meshing of the lubrication domain are avoided.
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Figure 5.52: Piston-eccentric film and pressure dynamics at 20◦C(Cyan), 40◦C(Red) and
60◦C(Yellow). Dotted lines represent maximum quantities.
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Figure 5.53: Piston-eccentric eccentricity dynamics at 20◦C(Cyan), 40◦C(Red) and
60◦C(Yellow)
118 CHAPTER 5. DIGITAL MOTOR SIMULATION
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0
50
C
h
am
b
er
st
ro
ke
p
os
it
io
n
[m
m
]
Time [s]
0.89 0.9 0.91 0.92
0
50
Time [s]
0
500
0
500
C
h
am
b
er
p
re
ss
u
re
[B
a
r
]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0
15
30
45
60
M
in
th
ic
k
n
es
s
[µ
m
]
0.89 0.9 0.91 0.92
0
15
30
45
60
0.89 0.9 0.91 0.92
−1
−0.5
0
0.5
1
Time [s]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
−1
−0.5
0
0.5
1
Time [s]
M
in
p
re
ss
u
re
[B
a
r
]
0
15
30
45
60
0
15
30
45
60
M
ax
th
ic
k
n
es
s
[µ
m
]
0
100
200
M
ax
p
re
ss
u
re
[B
a
r
]
0
100
200
Figure 5.54: Piston-Cylinder bottom film and pressure dynamics at 20◦C(Cyan),
40◦C(Red) and 60◦C(Yellow). Dotted lines represent maximum quantities.
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Figure 5.55: Piston-Cylinder bottom eccentricity dynamics at 20◦C(Cyan), 40◦C(Red) and
60◦C(Yellow), where dotted lines represent tilt angles
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Figure 5.56: Piston-Cylinder top film and pressure dynamics at 20◦C(Cyan), 40◦C(Red)
and 60◦C(Yellow). Dotted lines represent maximum quantities.
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Figure 5.57: Piston-Cylinder top eccentricity dynamics at 20◦C(Cyan), 40◦C(Red) and
60◦C(Yellow), where dotted lines represent tilt angles
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Figure 5.58: Cylinder-housing film and pressure dynamics at 20◦C(Cyan), 40◦C(Red) and
60◦C(Yellow). Dotted lines represent maximum quantities.
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Figure 5.59: Cylinder-housing eccentricity dynamics at 20◦C(Cyan), 40◦C(Red) and
60◦C(Yellow)
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5.3 Parametric Analysis of Initial Conditions
Solving the equation of motions describing the multibody tribodynamic system behavior neces-
sitates initial conditions. The initial conditions of the system counts the position of the piston,
position of the cylinder, velocity of the piston and velocity of the cylinder. This entails an over-
whelming amount of possible initial conditions. The simulation results discussed in section 5.1
is based on initial conditions, where the eccentricities of all joints are zero at simulation start and
the velocities of the piston and cylinder are zero. In order to assess the change in solutions caused
by change in initial conditions three different position offset setups are used, which is shown in
Fig. 5.60, Fig. 5.61, and Fig. 5.62. These setups are configured by offsetting the piston and cylinder
positions in the xy-plane of the surface frame. Note that, the analysis is limited to initial conditions,
where velocities are zero.
Figure 5.60: Piston and cylinder surface frame xy-plane initial position offset setup 1
Figure 5.61: Piston and cylinder surface frame xy-plane initial position offset setup 2
Figure 5.62: Piston and cylinder surface frame xy-plane initial position offset setup 3
The full-load operation results of minimum and maximum film thickness and pressure with offset
setup 3 are shown in Fig. 5.63, Fig. 5.65, Fig. 5.67 and Fig. 5.69. Furthermore, the spatial and
temporal evolution of the dimensionless eccentricity is shown in Fig. 5.64, Fig. 5.66, Fig. 5.68 and
Fig. 5.70. A complete collection of results with all setups are given in appendix H on page 203.
The results show symmetry of the eccentricity loci, and for all interfaces a convergence, regardless
of perturbations in initial condition, to the same neighborhood in the surface frame. An inter-
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esting aspect is shown in the eccentricity locus of the piston-eccentric interface, which show a
convergence, of the initially non-zero eccentricity solutions, towards the zero eccentricity solution.
However, at a certain point a divergence between the solutions occur, hereafter these seems to settle
symmetrically with respect to the x-axis, which entail an offset of the fluid film thickness field in
the circumferential direction. From Fig. 5.3 on page 85 it is established that the initially zero ec-
centricity solution is not converged and is evolving in direction of the negative y-axis. The reason,
for convergence in the negative direction, is attributed to numerical inaccuracies, which cause the
trajectory to abandon the x-axis in the negative y-axis direction rather than the positive direction.
However, the symmetric behavior of these solutions suggests an unstable equilibrium at the x-axis.
In conclusion, the parametric study of variation in the eccentricity initial conditions show a con-
vergence to the same neighborhood, whereby the tribodynamic behavior appears to be predictable.
However, these simulations assume ideal conditions with regard to joint geometry and exclude
surface roughness. The manufacturing process of the digital motor is inherently the cause of some
degree of imperfection in the joint geometry and non-smooth surfaces. The practical application
of multibody tribodynamics to predict micro motion, and thereby conclude anything concerning
efficiency and successful lubrication of the motor mechanics, rely heavily on the influence, which
the imperfection and roughness of surfaces have on the tribodynamics, whereby this aspect is of
interest as a topic for further research.
5.3. PARAMETRIC ANALYSIS OF INITIAL CONDITIONS 123
0 0.2 0.4 0.6 0.8 1 1.2
0
50
C
h
am
b
er
st
ro
ke
p
os
it
io
n
[m
m
]
Time [s]
1.21 1.22 1.23 1.24
0
50
Time [s]
0
500
0
500
C
h
am
b
er
p
re
ss
u
re
[B
a
r
]
0 0.2 0.4 0.6 0.8 1 1.2
0
10
20
30
M
in
th
ic
k
n
es
s
[µ
m
]
1.21 1.22 1.23 1.24
0
10
20
30
1.21 1.22 1.23 1.24
−1
−0.5
0
0.5
1
Time [s]
0 0.2 0.4 0.6 0.8 1 1.2
−1
−0.5
0
0.5
1
Time [s]
M
in
p
re
ss
u
re
[B
a
r
]
0
10
20
30
0
10
20
30
M
ax
th
ic
k
n
es
s
[µ
m
]
0
200
400
M
ax
p
re
ss
u
re
[B
a
r
]
0
200
400
Figure 5.63: Piston-eccentric film and pressure dynamics in offset setup nr 3, where dotted
lines represent maximum quantities
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Figure 5.64: Piston-eccentric eccentricity dynamics in offset setup nr 3
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Figure 5.65: Piston-Cylinder top film and pressure dynamics in offset setup nr 3, where
dotted lines represent maximum quantities
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Figure 5.66: Piston-Cylinder top eccentricity dynamics in offset setup nr 3, where dotted
lines represent tilt angles
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Figure 5.67: Piston-Cylinder bottom film and pressure dynamics in offset setup nr 3, where
dotted lines represent maximum quantities
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Figure 5.68: Piston-Cylinder bottom eccentricity dynamics in offset setup nr 3, where dotted
lines represent tilt angles
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Figure 5.69: Cylinder-housing film and pressure dynamics in offset setup nr 3, where dotted
lines represent maximum quantities
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Figure 5.70: Cylinder-housing eccentricity dynamics in offset setup nr 3
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5.4 Parametric Analysis of Density
As described in section 1.7 on page 20, a classical modeling approach to tribological problems
assumes a balancing of external bearing forces and fluid forces. However, this entail that the
inertia term in the equations of motion are ignored. In present dissertation, the full formulation of
the motion equations are utilized, which follows the recommendations of Kudish [68]. In order to
analyze the aspect of inertia influence on the tribodynamics a parametric analysis of the cylinder
density is performed.
The piston and cylinder is assumed have a constant density throughout the whole body, whereby
the mass and the inertia tensor are given as
m =ρ V (5.1)
J =− ρ
∫
V
s˜cms˜cmdV (5.2)
where ρ denotes the body density and scm a vector from the body center of mass. Utilizing this
definition the variation of inertia terms in the simulations are performed as
mp =Kdpmp,orig (5.3)
mc =Kdcmc,orig (5.4)
Jp =Kdp Jp,orig (5.5)
Jc =Kdc Jc,orig (5.6)
where Kdp and Kdc is the variation coefficients, which are used to change the density of the
preliminary motor design. In present analysis the variation coefficients Kdp = [0.75 1.25] and
Kdc = [0.75 1.25] are used. The original mass and moment of inertia are shown in Tab. 4.1 on
page 57.
The parametric study are performed at full-load operation, and the results of minimum and max-
imum film thickness and pressure for the piston-cylinder bottom and top interfaces are shown in
Fig. 5.71 and Fig. 5.73, respectively. Furthermore, the spatial and temporal evolution of the dimen-
sionless eccentricity is shown in Fig. 5.72 and Fig. 5.74. A complete collection of results with all
parameter variations are presented in appendix I on page 217.
The effect of changing the density is significant on the tribodynamics of the piston-cylinder in-
terface. The results clearly show a dependence of the eccentricities and tilt angles on the density
setting. Consequently, the model simplifications, assuming negligible inertia terms with regard to
micro dynamics, which is imposed by the majority of researchers in the fluid power community,
should be carefully assessed for validity, when the aim is to accurately predict tribodynamics.
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Figure 5.71: Piston-Cylinder bottom film and pressure dynamics at Kdc = 0.75(Cyan),
Kdc = 1(Red) and Kdc = 1.25(Yellow). Dotted lines represent maximum quantities.
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Figure 5.72: Piston-Cylinder bottom eccentricity dynamics at Kdc = 0.75(Cyan), Kdc =
1(Red) and Kdc = 1.25(Yellow). Dotted lines represent tilt angles.
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Figure 5.73: Piston-Cylinder top film and pressure dynamics atKdc = 0.75(Cyan),Kdc =
1(Red) and Kdc = 1.25(Yellow). Dotted lines represent maximum quantities.
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Figure 5.74: Piston-Cylinder top eccentricity dynamics at Kdc = 0.75(Cyan), Kdc =
1(Red) and Kdc = 1.25(Yellow). Dotted lines represent tilt angles.
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5.5 Energy Loss Analysis
In order to assess the efficiency, of the preliminary design and the dissipation of energy in the
tribological interfaces, an energy loss analysis is performed. On basis of the full-load, half-load,
quarter-load and idle operation simulations presented in section 5.1 on page 5.1, the energy dissi-
pation in the tribological interfaces are evaluated. Furthermore, the efficiency of the preliminary
design is presented.
The total instantaneous tribological system power loss Ploss is given as
Ploss = Pin − Pout ⇓ (5.7)
Ppe + Ppct + Ppcb + Pch = Ad x˙p +Qleak pc − noutTωe (5.8)
The power loss in the tribological interfaces Ppe, Ppct, Ppcb and Pch are calculated by surface
integrals of the cross-film integrated dissipation functions Ωpe, Ωpct, Ωpcb and Ωch respectively,
such that
Ppe =
∫ ηpe,b
ηpe,a
∫ 2piRpe
0
Ωpe sin
(
ηpe
Rpe
)
dξpedηpe (5.9)
Ppcb =
∫ ξpcb,b
0
∫ 2piRpc
0
Ωpcbdηpcbdξpcb (5.10)
Ppct =
∫ ξpct,b
0
∫ 2piRpc
0
Ωpctdηpctdξpct (5.11)
Pch =
∫ ηch,b
ηch,a
∫ 2piRch
0
Ωch sin
(
ηch
Rch
)
dξchdηch (5.12)
where the cross-film integrated dissipation functions are given as
Ωpe =
µpe
hpe
(
(φeξ − φpξ)2 + (φeη − φpη)2
)
+
h3pe
12µpe
((
∂ppe
∂ξpe
)2
+
(
∂ppe
∂ηpe
)2)
(5.13)
Ωpcb =
µpcb
hpcb
(
(φpbξ − φcbξ)2 + (φpbη − φcbη)2
)
+
h3pcb
12µpcb
((
∂ppcb
∂ξpcb
)2
+
(
∂ppcb
∂ηpcb
)2)
(5.14)
Ωpct =
µpct
hpct
(
(φptξ − φctξ)2 + (φptη − φctη)2
)
+
h3pct
12µpct
((
∂ppct
∂ξpct
)2
+
(
∂ppct
∂ηpct
)2)
(5.15)
Ωch =
µch
hch
(
φ2cξ + φ
2
cη
)
+
h3ch
12µch
((
∂pch
∂ξch
)2
+
(
∂pch
∂ηch
)2)
(5.16)
The dissipation functions for periods of the full-load, half-load, quarter-load and idle operations
are shown in Fig. 5.75 and the distribution of loss due to viscous friction and leakage flow is, for
the full-load operation, shown in Fig. 5.76.
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Figure 5.75: Tribological interface energy dissipation at full-load, half-load, quarter-load
and idle operation
The viscous friction loss in the system is clearly the dominant mechanism of energy dissipation.
The energy dissipation, at high pressure state in the chamber, reveal a significant increase in power
loss, which is caused mainly by increase in viscosity with increasing pressure, but also by the
leakage from the displacement chamber to the drain manifold. There is a dominance of energy
dissipation from the piston-eccentric interface, whereby the energy losses approximately can be
regarded as a composition of the full-load cycle and idle cycles, which enable a description of the
mechanical efficiency given as
ηm = 1− Eloss,full + Eloss,idleN
Ein,full
(5.17)
where N denotes the idle rounds and the energy input and loss are given as
Eloss =
∫ t1
t0
Ppe + Ppct + Ppcb + Pchdt (5.18)
Ein =
∫ t1
t0
Ad x˙p +Qleak pcdt (5.19)
Using this definition of mechanical efficiency yields the efficiency curve shown in Fig. 5.77.
In total, the preliminary design is evaluated to a mechanical efficiency above 94% in load percent-
ages over 25%, and the main energy dissipation mechanism is viscous friction. However, the low
clearances in the preliminary design compose a manufacturing challenge and the results may not
be realizable.
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Figure 5.77: Mechanical efficiency
5.6 Preliminary Design Evaluation Summary
In summary, the preliminary design is studied using a model with simplifications, whereby the
different physical aspects, such as thermal effects, elastic effects and surface roughness, are omitted
in favor of computational efficiency. In order to evaluate the digital motor four different modes of
modulated operation are simulated, namely full-load, half-load, quarter-load and idle operation. In
addition, a parametric analysis of operating temperature, initial conditions and solid body density
are performed.
The simulation results reveal a successful operating motor at a constant velocity of 1500RPM .
However, the simulation results predict a low film thickness, relative to surface roughness of ma-
chined surfaces, and in these regions insufficient pressure levels to justify the existence of elasto-
hydrodynamic lubrication. This raises a concern on the validity of the results, as asperity contact
could be present, and lead to failures. An interesting aspect in this context is the tuning of the
nominal clearances, whereby the tribodynamic simulation results evidently show the necessity of
simulation, in order to assess the film thickness and pressure field, such that success of the lubrica-
tion film can be evaluated, and an efficient and reliable design with reasonable clearance tolerances,
in relation to the manufacturing process, are obtained.
The design is evaluated to a mechanical efficiency above 94% in load percentages over 25%. The
main source of energy loss is located at the piston-eccentric interface, which is the main focus in
steps towards efficiency improvement. Furthermore, the most problematic interface of the piston-
telescope topology is found to be the cylinder-housing interface. In order to obtain sufficient film
thickness, and thereby full film lubrication, the design focus should be on achieving as much wedge
effect contribution, to the generation of hydrodynamic pressure, as possible.
6
ANALYTICAL THERMAL FIELD THEORY
In the state of the art review given in section 1.6 on page 17 a series of publications are presented,
which include thermal effects, such that the fluid properties are calculated from both pressure
fields and thermal fields. The model presented for the preliminary design assessment of the MW-
motor ignores such thermal field calculations and a constant operating temperature is utilized.
However, the parametric analysis performed in section 5.2 on page 115 underlines the significant
influence of temperature on the tribological performance of the joints. In this chapter the focus
is on a thermal field theory, which enables the analytical approximation of the temperature in the
lubricant. The motivation for the derivation of this theory is both to obtain a tool, whereby the
thermal field is calculable, without numerical iteration techniques, in order to avoid impractical
simulation durations and to provide insight to the dominant aspects of heat transfer in oil hydraulic
fluid films.
The most common approach, to analytical calculations of the thermal field in fluid film lubrication,
is based on the simplifying assumptions that the main direction of heat transfer is assumed through
the fluid film and heat is assumed to be mainly generated by viscous dissipation. Kudish and
Covitch [44, 45] thoroughly describe asymptotic approximations of TEHD point and line contact
problems, where convection is neglected. Laraqi et al. [79] presents a two-dimensional solution
to the temperature field between two parallel plates by neglecting Poiseuille flow and convection
away from the entrance regions. Analytical assumptions have also been used in order to simplify
numerical models by assuming temperature profiles given by various orders of polynomials [80,
81, 82, 83]. The common aspect of the existing analytical approximations of the temperature field
in fluid film lubrication is the missing convective terms.
A tribological interface, where lubricant heat convection and conduction is of equal significance,
exists in several applications. This is particularly true in fluid power machinery, where researchers
and design engineers are forced to use numerical iteration techniques in order to obtain the tem-
perature field in lubricating gaps. Further assessment on the significance of heat convection in oil
hydraulic displacement unit tribology is provided by use of dimensional analysis in this chapter.
Furthermore, a perturbation series solution of the lubrication energy conservation law is proposed.
The approximation is an asymptotic expansion in the Brinkman number, whereby convective ef-
fects are included. The precision of the approximation is evaluated by comparison with a conven-
tional analytical solution, neglecting convection, and a numerical solution.
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Table 6.1: Characteristic parameters
U∗ Characteristic velocity
T∗ Characteristic temperature
µ∗ Characteristic viscosity
c∗ Characteristic specific heat capacity
ρ∗ Characteristic density
λ∗ Characteristic thermal conductivity
L∗ Characteristic fluid film length
h∗ Characteristic film thickness
6.1 Energy Conservation in Oil Hydraulic Fluid Films
A common assumption used in thermal problems concerning lubrication is that the major source
of heat generation is viscous dissipation. On this basis the conservation of energy within the
lubricant is expressed as Eqn. (6.1) [15], where the density ρ, thermal conductivity λ and specific
heat capacity c are assumed constant. Additionally, the viscosity µ is assumed constant through
the film thickness.
ρc
(
∂T
∂t
+
∂T
∂ξ
u+
∂T
∂ζ
v +
∂T
∂η
w
)
= λ
(
∂2T
∂ξ2
+
∂2T
∂ζ2
+
∂2T
∂η2
)
+ µΦ (6.1)
For an incompressible lubricant the dissipation function Φ is given as
Φ = 2
((
∂u
∂ξ
)2
+
(
∂v
∂ζ
)2
+
(
∂w
∂η
)2)
+
(
∂u
∂ζ
+
∂v
∂ξ
)2
+
(
∂v
∂η
+
∂w
∂ζ
)2
+
(
∂w
∂ξ
+
∂u
∂η
)2
(6.2)
A simplification to the energy equation is performed by scaling and thereafter an order of magni-
tude analysis of the various terms in the equation. The geometry, illustrated in Fig. 3.3 on page
41, of a lubrication film enables simplifications to the energy equation, because the ratio of the
fluid film in-plane length scale L∗ and the thickness scale h∗ for a typical tribological interface
is  = h∗
L∗ = O(10
−3). The various characteristic parameters, utilized for the scaling of the en-
ergy equation, are defined in Tab. 6.1. The definition of non-dimensional coordinates, velocities,
temperature, viscosity and time are given in Eqn. (6.3).
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(
ξ¯, ζ¯, η¯
)
=
1
L∗
(
ξ,
1

ζ, η
)
(u¯, v¯, w¯) =
1
U∗
(
u,
1

v, w
)
T¯ =
T
T∗
 =
h∗
L∗
t¯ =
U∗ t
L∗
µ¯ =
µ
µ∗
(6.3)
With the aim to express the energy equation in a desirable form the dimensionless groups formed
by the Brinkman number, Reynolds number, Eckert number and Peclet number are used. These
are defined as
Br =
µ∗ U2∗
λ∗ T∗
Re =
ρ∗ h∗ U∗
µ∗
Ec =
U2∗
c∗ T∗
Pe = Br
Re
Ec
P = Pe
Utilization of the characteristic parameters yields a non-dimensional form of the dissipation func-
tion given as
Φ¯ =
U2∗
L2∗
(
2
((
∂u¯
∂ξ¯
)2
+
(
∂v¯
∂ζ¯
)2
+
(
∂w¯
∂η¯
)2)
+
(
1

∂u¯
∂ζ¯
+ 
∂v¯
∂ξ¯
)2
+
(

∂v¯
∂η¯
+
1

∂w¯
∂ζ¯
)2
+
(
∂w¯
∂ξ¯
+
∂u¯
∂η¯
)2)
(6.4)
As the ratio , between the characteristic film thickness h∗ and characteristic film length L∗, is
O
(
10−3
)
the dissipation function is reduced to
Φ¯ =
U2∗
L2∗ 2
((
∂u¯
∂ζ¯
)2
+
(
∂w¯
∂ζ¯
)2)
(6.5)
Using the significant terms of the viscous dissipation function a non-dimensional energy equation
is given as
ρ∗ c∗ T∗ U∗
L∗
(
∂T¯
∂t¯
+
∂T¯
∂ξ¯
u¯+
∂T¯
∂ζ¯
v¯ +
∂T¯
∂η¯
w¯
)
=
λ∗ T∗
L2∗
(
∂2T¯
∂ξ¯2
+
1
2
∂2T¯
∂ζ¯2
+
∂2T¯
∂η¯2
)
+ µ∗ µ¯ Φ¯ (6.6)
Neglecting convection through the film thickness and heat conduction along the film length, to-
gether with the assumption of steady state condition yields
P
(
∂T¯
∂ξ¯
u¯+
∂T¯
∂η¯
w¯
)
=
∂2T¯
∂ζ¯2
+Br µ¯
((
∂u¯
∂ζ¯
)2
+
(
∂w¯
∂ζ¯
)2)
(6.7)
This energy equation forms the basis of the analytical temperature field approximations derived in
this dissertation. Note the bar indicating non-dimensional variables are omitted from this point.
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Table 6.2: Thermal field parameters
λ Thermal conductivity 0.16 W
mk
c Specific heat capacity 1670 J
kgK
ρ Density 870 kg
m3
6.2 Perturbation Series Solution
The energy equation, given in Eqn. (6.7), poses a hard analytical problem, whereby derivation
of a rigorous mathematical solution is extremely challenging. Therefore a conventional approach
has been to neglect the convection term, such that an analytical solution is obtainable. However, at
reduced Peclet numbers P in the vicinity and aboveO(1) the convective term cannot be neglected.
Furthermore, the fact that mineral oil viscosity is strongly dependent on temperature adds to the
difficulty of the problem. However, a significant simplification of the problem can be obtained by
use of the effective viscosity given in section 3.4 on page 46, which is constant through the film
thickness. The effective viscosity modeling is a prerequisite for the perturbation series expansion
in the Brinkman number Br presented in this section. The basis of the perturbation expansion is
that the Brinkman number and reduced Peclet number in oil hydraulics permits a local analysis
around Br = 0. In order to substantiate the idea of this approach, an evaluation of the Brinkman
number and reduced Peclet number are conducted for a range of parameters, which is common to
a series of problems in oil hydraulic thermohydrodynamic analysis.
The fluid properties of mineral oil are shown in Tab. 6.2. The viscosity of mineral oil is dependent
on both pressure and temperature, whereby the viscosity model, described in section 3.1 on page
35, is used in order to determine the viscosity scale, such that
µ∗ = µ0 (T∗) e
α(T∗) p∗ (6.8)
The Brinkman number as function of temperature and pressure is obtained, as shown in Fig. 6.1,
by evaluation at a characteristic velocity of 10m
s
. The Brinkman number approximately evalu-
ates to values in the range of 0.04-0.16, whereby a local analysis around Br = 0 seems to be
an interesting approach to obtain an analytical approximation of the thermal field in fluid power
tribology.
The success of this approach as well relies on the magnitude of the reduced Peclet number, which
express the ratio of convection to conduction. If convective terms are dominant the expansion
becomes a poor approximation. On the contrary, if the conduction is dominant sufficient accuracy
of an analytical approximation might be obtained by neglecting convection. The reduced Peclet
number is shown in Fig.6.2 and Fig.6.3 as function of film length and velocity scale at aspect ratios
 = 10−3 and  = 10−2, respectively. The figures indicate that for aspect ratio of  = 10−3 the
convective terms are below the order of one and conduction is the primary heat transfer mechanism.
However, raising the aspect ratio by an order of one drastically change the reduced Peclet number,
such that the convection mechanism is non-negligible.
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Figure 6.1: Brinkman number as function of temperature and pressure dependent viscosity
scale and temperature scale
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Figure 6.2: The logarithm of the reduced Peclet number as function of velocity scale and
length scale at film aspect ratio  = 10−3
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Figure 6.3: The logarithm of the reduced Peclet number as function of velocity scale and
length scale at film aspect ratio  = 10−2
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The problem is stated by Eqn. (6.9) to which a perturbation series is constructed, by local analysis
around Br = 0, as a series of powers of the Brinkman number Br, given in Eqn. (6.10).
Br
Re
Ec

(
∂T
∂ξ
u+
∂T
∂η
w
)
=
∂2T
∂ζ2
+Br µ
((
∂u
∂ζ
)2
+
(
∂w
∂ζ
)2)
(6.9)
T =
∞∑
n=0
TnBr
n (6.10)
An infinite series of ordinary differential equations with respect to the independent coordinate ζ
is obtained, by substitution of the perturbation series into the energy equation and collecting like
powers of the Brinkman number Br. The asymptotic series is truncated at first order, whereby ap-
proximation is described by the zeroth-order and first-order problem, which is given in Eqn. (6.11)
and Eqn. (6.12).
∂2T0
∂ζ2
= 0 (6.11)
∂2T1
∂ζ2
=
Re
Ec

(
∂T0
∂ξ
u+
∂T0
∂η
w
)
− µ
((
∂u
∂ζ
)2
+
(
∂w
∂ζ
)2)
(6.12)
Together with suitable boundary conditions these ordinary differential equations constitute the per-
turbation problem. In this dissertation the aim is the application of Dirichlet boundary conditions.
Dirichlet problem solutions
The zeroth order perturbation problem with wall temperatures Ta and Tb is given as
∂2T0
∂ζ2
= 0 (6.13)
T0|ζ=0 = Ta T0|ζ=h = Tb (6.14)
which yields a solution as
T0 =
Tb − Ta
h
ζ + Ta (6.15)
The first order perturbation problem is solved with zero temperature boundary conditions, such
that the overall perturbation series equals the wall temperatures at ζ = 0 and ζ = h, whereby this
problem is given as
∂2T1
∂ζ2
=
Re
Ec

(
∂T0
∂ξ
u+
∂T0
∂η
w
)
− µ
((
∂u
∂ζ
)2
+
(
∂w
∂ζ
)2)
(6.16)
T1|ζ=0 = 0 T1|ζ=h = 0 (6.17)
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The solution is conveniently obtained by reformulating the velocity profiles, given in Eqn. (3.43)
and Eqn. (3.44) on page 44, as functions of partial derivatives evaluated at ζ = 0 such that
u =
1
2
∂2u
∂ζ2
∣∣∣∣
ζ=0
ζ2 +
∂u
∂ζ
∣∣∣∣
ζ=0
ζ + u|ζ=0 (6.18)
w =
1
2
∂2w
∂ζ2
∣∣∣∣
ζ=0
ζ2 +
∂w
∂ζ
∣∣∣∣
ζ=0
ζ + w|ζ=0 (6.19)
The first order problem is thereby solved by integration after substituting the zeroth-order solution
and the velocity profiles into Eqn. (6.16), which yields
T1 =
∫ ∫
Re
Ec
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 ∂
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h
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) 1
2
∂2u
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ζ
2
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∂
∂η
(
Tb − Ta
h
ζ + Ta
) 1
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ζ
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2 dζ dζ + C1 ζ + C2 (6.20)
where the zeroth order derivatives ∂
0u
∂ζ0
= u and ∂
0w
∂ζ0
= w are used such that an expression of the
solution, after utilization of the boundary conditions, is given as
T1 = y
2∑
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(6.21)
The first-order perturbation series approximation is subsequently obtained by truncating the series
in Eqn. (6.10) such that
T = T0 +Br T1 (6.22)
Utilizing the relation between the dimensional groups P = Br Re
Ec
 this approximation to the
Dirichlet problem is given as
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Tb − Ta
h
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+ ζ
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(6.23)
In the first-order perturbation series, Eqn. (6.23), two terms are associated with the reduced Peclet
number, which relates to the convective terms in the energy equation. Furthermore, a term is
associated with the Brinkman number, which arises due to the viscous shear stress heat source.
Finally, the zeroth-order term account for conduction across the fluid film.
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6.3 Conduction Dominant Solution
A conduction dominant analytical solution to the energy equation, given in Eqn. (6.7), is derived
in this section such that a comparison to the perturbation series solution in relation to accuracy can
be performed. By neglecting the convective term in the energy equation and applying Dirichlet
boundary conditions, the conduction dominant problem yields
∂2Tc
∂ζ2
= −Br µ
((
∂u
∂ζ
)2
+
(
∂w
∂ζ
)2)
(6.24)
Tc|ζ=0 = Ta Tc|ζ=h = Tb (6.25)
The solution for this Dirichlet problem is given as
Tc =
Tb − Ta
h
ζ + Ta
− ζ Br µ
2∑
n=0
n!(4n− 2n2)!
(n + 2)!
(
ζ
n+1 − hn+1
)(( ∂2u
∂ζ2
)n
∂u
∂ζ
∣∣∣∣2−n
ζ=0
+
(
∂2w
∂ζ2
)n
∂w
∂ζ
∣∣∣∣2−n
ζ=0
)
(6.26)
By comparing the perturbation series solution and the conduction dominant solution it is seen that
for P = 0, where the convective term vanishes, the solutions are the same. In conclusion the
perturbation solution encompasses the conduction dominant solution and a convective influenced
term, whereby the perturbation to some extent take convection into account.
6.4 Numerical Test Case
The accuracy is examined by a comparison to a numerical solution. A test case is necessary in order
to perform numerical simulation, and therefore a cylindrical lubrication film where the journal is
tilted by an angle γ, as shown in Fig. 6.4, is chosen. This assembly is geometrically similar to
a piston-cylinder interface in oil hydraulic pumps and motors, which, with reference to Fig. 6.3,
encompasses significant convective heat transfer at sufficient rotational velocity.
The analytical approximations are tested in comparison to a numerical solution of the energy equa-
tion given in Eqn. (6.1), where the fluid velocities are given by a numerical solution of the three
dimensional Navier-Stokes equations. This computational fluid dynamics simulation is performed
with Ansys Fluent.
As the numerical solution of the Navier-Stokes equations allow the pressure to vary through the
film thickness, and the thermal approximations are based on Reynolds theory momentum simpli-
fications, whereby the pressure is assumed constant through the film thickness, a solution of the
Reynolds equation should be used in order to provide a pressure field for the thermal field calcula-
tions. However, the simulations show a negligible variation of pressure through the film thickness.
On this basis, the pressure gradients, calculated by the numerical solution, are utilized in evaluation
of the analytical thermal field expressions.
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The fluid film curvature is neglected in the analytical approximations, because the fluid film thick-
ness is several orders of magnitude smaller than the radius of the piston and cylinder. Consequently,
ξ denotes the axial coordinate, ζ denotes the cross-film coordinate and η denotes the circumferen-
tial coordinate.
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Figure 6.4: Tilted piston test case
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Figure 6.5: Tilted piston test case cross
sections
The non-dimensional energy equation, given in Eqn. (6.7), is shown to depend on the Brinkman
number and the reduced Peclet number. Consequently, thermal similarity will be achieved if
Brinkman number and reduced Peclet number similarity exists in tribological problems of dynamic,
kinematic and geometrically similarity. In order to vary the dimensionless groups for different so-
lutions various values for the lubricant viscosity and density are utilized, such that geometrical and
kinematical features is the same for each numerical solution, which ease the discretization process.
The geometrical and kinematical features are described in the following.
The test case geometry is determined by a tilting angle γ. The fluid film thickness depends on this
angle and the coordinates, such that
h =
C
L 
− γ
(
ξ − 1
2
)
cos
(
η L
Rc
)
(6.27)
where C denote the nominal clearance and Rc the cylinder diameter. The length to diameter ratio
in the test setup is L
2Rc
= 0.32 and film thickness to length ratio  = 10−3.
In order to calculate the thermal field appropriate boundary conditions are applied, which include
wall temperature boundary conditions, pressure boundary conditions and wall velocities.
In case of zero difference between boundary temperatures and zero boundary temperature gradients
the term proportional to the reduced Peclet number P vanishes in Eqn. (6.23). This term is taking
convection into account, whereby temperature boundary conditions should be carefully chosen in
order to test the perturbation solution. The temperature boundaries used in the simulations is given
by Eqn. (6.28) and Eqn. (6.29).
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Ta = (Tc2 − Tc1) ξ + Tc1 − To 4 ξ (1− ξ) sin η L
Rc
(6.28)
Tb = (Tc2 − Tc1) ξ + Tc1 + To 4 ξ (1− ξ) sin η L
Rc
(6.29)
where Tc1 = 313K is the inlet temperature and Tc2 = 333K is the outlet temperature. The wall
temperature distributions are formulated such that an offset temperature To = 10K ensures the
existence of a temperature difference between the walls, and non-zero gradients in both ξ-direction
and η-direction.
As for the piston-cylinder interface in the preliminary digital MW-motor design, a pressure dif-
ference over the length of the assembly is applied at 350Bar, which correspond to the pressure
level in the displacement chamber at high pressure state. Furthermore, the piston velocity is 1m
s
in the direction of the ξ-coordinate and the cylinder is at rest. The lubricant properties are chosen
consistent with common hydraulic oils such that specific heat capacity c = 1670 J
kgK
and thermal
conductivity λ = 0.16 W
mK
.
6.5 Comparison
The numerical thermal field is compared with the analytical approximations by use of the nine
cross sections, shown in Fig. 6.5. The evaluation of accuracy is performed by calculating the
maximum deviation and mean deviation between the analytical approximation and the numerical
solution. The maximum deviation expresses the deviation bounds and the mean deviation expresses
the performance of the approximation within these bounds. The deviations are given in terms of
the ratio of temperature deviation to the difference between maximum and minimum temperature
in the cross sectional thermal fields.
The deviation contours is plotted, in Fig. 6.6-Fig. 6.13, as functions of the Brinkman number Br
and the ratio between the reduced Reynolds number R and the Eckert number Ec. Note that the
analytical approximations are based on the assumptions of Reynolds lubrication theory, whereby
the results are only valid for sufficiently small values of the Reynolds number. The maximum
Reynolds number in the set of solutions is approximately 18. In Fig. 6.14-Fig. 6.22 the thermal
field in the cross sections is shown for a reduced Peclet number P = 2.1, which is indicated by a
white cross in the deviation contour plots.
The results reveal a considerable difference between the perturbation solution and the numerical
solution in the first 1/8 of the fluid film. In the zeroth-order problem convection and conduction in
the axial direction are neglected, which entail a loss of generality such that no boundary conditions
in axial direction are applied. The conduction dominant solution produces a near constant field
equal to the wall temperature, at ξ = 0, which is a good approximation to the given thermal
boundary condition at the inlet. However, this is not true in cases, where the inlet temperature
profile is varying through the film thickness, and can thereby not be used to conclude anything
about the accuracy in general.
The dashed line, in the contour plots, indicates a reduced Peclet number P = 1, where convection
and conduction is of equal importance. As expected the results show that the analytical approx-
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imations have the best accuracy in the region, where the reduced Peclet number is below one.
However, the perturbation solution is seen to obtain higher accuracy in the region with reduced
Peclet number above one.
At the outlet, where ξ = 1, the perturbation series solution seems to provide acceptable accuracy,
although no boundary condition is applied. However, if backflow occur through the outlet the
perturbation solution do not account for it, which lowers the accuracy in such cases.
From the results the perturbation series solution is seen to provide better accuracy than the con-
duction dominant solution in regions, where both conduction and convection is important. By
examining the results obtained from cross sections with minimum distance of L
8
from the inlet or
outlet, a maximum deviation of 20% is found achievable for solutions in the vicinity of a reduced
Peclet number P = O(1).
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Figure 6.6: Ratio of mean and maximum temperature deviation to the temperature range in
the cross section at ξ = 1/8
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Figure 6.7: Ratio of mean and maximum temperature deviation to the temperature range in
the cross section at ξ = 2/8
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Figure 6.8: Ratio of mean and maximum temperature deviation to the temperature range in
the cross section at ξ = 3/8
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Figure 6.9: Ratio of mean and maximum temperature deviation to the temperature range in
the cross section at ξ = 4/8
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Figure 6.10: Ratio of mean and maximum temperature deviation to the temperature range
in the cross section at ξ = 5/8
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Figure 6.11: Ratio of mean and maximum temperature deviation to the temperature range
in the cross section at ξ = 6/8
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Figure 6.12: Ratio of mean and maximum temperature deviation to the temperature range
in the cross section at ξ = 7/8
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Figure 6.13: Ratio of mean and maximum temperature deviation to the temperature range
in the cross section at ξ = 1
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Figure 6.14: Temperature in kelvin at ξ = 0
Figure 6.15: Temperature in kelvin at ξ = 1/8
Figure 6.16: Temperature in kelvin at ξ = 2/8
Figure 6.17: Temperature in kelvin at ξ = 3/8
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Figure 6.18: Temperature in kelvin at ξ = 4/8
Figure 6.19: Temperature in kelvin at ξ = 5/8
Figure 6.20: Temperature in kelvin at ξ = 6/8
Figure 6.21: Temperature in kelvin at ξ = 7/8
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Figure 6.22: Temperature in kelvin at ξ = 1
6.6 Theory Conclusion
A perturbation series expansion, for small values of the Brinkman number, is derived in order to
enable an analytical approach to tribological interface analysis and a faster optimization of complex
problems, which include thermal effects, where heat transfer by convection and conduction is of
equal importance. The series is truncated at first-order and this approximation is compared to a
numerical solution and an analytical solution, neglecting convection. The comparison is performed
with a test case of a piston-cylinder interface in an oil hydraulic displacement unit. The result
reveals a maximum relative deviation of 20% to the numerical solution in the vicinity of a reduced
Peclet number P = O(1). However, the inability of the perturbation solution to comply with
boundary conditions entails a decrease in accuracy near the inlet and outlet region of the piston-
cylinder assembly. In conclusion, the use of the Brinkman number as a perturbative parameter
enables an approximation to the thermal field in laminar oil hydraulic lubrication films at reduced
Peclet number of the orderO(1). This approximation provides a step towards models of multibody
tribodynamics under non-isothermal conditions, which are practical for optimization and wide-
scale design analysis.
7
CONCLUSION AND FUTURE WORK
In this chapter, conclusions regarding the main aspects and results from the dissertation are reca-
pitulated. In addition, the interesting subjects for further research are outlined.
7.1 Conclusion
A preliminary MW motor design is presented, as a result of a topological selection. This topo-
logical selection is based on a morphological process, which show that five closed-chain planar,
one degree of freedom, radial piston mechanisms are applicable for wind turbine transmissions.
From these topologies, the telescopic piston-cylinder topology is used as basis for the preliminary
design. This design is utilized in this dissertation to develop and apply a tribodynamic model.
A state of the art analysis reveals that, for very advanced tribodynamic models, the use becomes
limited to numerical experiments, rather than calculation of object functions in optimization algo-
rithms or wide-scale design analysis. On this basis, it is proposed to seek simplified tribodynamic
models, neglecting or analytical approximating physical aspects, in favor of computational effi-
ciency, without compromising the necessary accuracy of the model.
A multibody dynamics scheme is presented, where the equations of motion and the hydrodynamic
pressure equation are coupled in an analytical framework, which enable analytical approximation
of the pressure field in an effort to obtain sufficient computational efficiency to permit wide scale
design analysis. In addition, a derivation of piezoviscous lubrication theory for oil hydraulics is
given. The oil viscosity is modeled with the Vogel-Barus model, which permit the application
of the classical Reynolds equation, if the pressure gradients comply with certain requirements.
The utilized viscosity model can be justified for pressure levels below 1000Bar and for use in
thermohydrodynamic models, if the spatial in-plane pressure gradients are larger than or equal to
the corresponding spatial in-plane temperature gradients.
The multibody tribodynamic framework and the analytical piezoviscous short bearing solution, for
cylindrical and spherical joints, are applied to the preliminary design geometry. In this model,
the multibody tribodynamics are coupled with a hydraulic model of the displacement chamber
pressure dynamics. The model considers the 12 degrees of freedom composed by the piston and
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cylinder translations and rotations. However, the kinematics of the eccentric are predetermined,
wherefore the potential vibration of the shaft and eccentric are omitted in the model. Furthermore,
the hydraulic valve models and control are significantly simplified, because the attention is focused
on the tribological aspects of the motor.
The digital motor are evaluated in four modes of modulated operation, namely full-load, half-load,
quarter-load and idle operation. The tribodynamics reveal a necessity to run the simulation for over
1 s simulation time in order to obtain periodic micro motion. The simulations are performed at a
computational speed of approximately 40ms simulation time per hour, which is approximately
one shaft revolution per hour. The needed length of the simulation, thereby underlines the neces-
sity of analytical approximation of significant physical effects, in order to develop models practical
for incorporation in optimization algorithms. In total, the design is evaluated to a mechanical effi-
ciency above 94% in load percentages over 25%, where the main source of energy dissipation is in
the piston-eccentric interface, which thereby is the main focus in steps towards efficiency improve-
ment. In addition, the most problematic interface of the piston-telescope topology is considered to
be the cylinder-housing interface, where the design focus should be on achieving as much wedge
effect contribution, to the generation of hydrodynamic pressure, as possible, such that sufficient
film thickness and thereby full film lubrication.
A parametric analysis of operating temperature, initial conditions and solid body density are per-
formed. The parametric study of variations in the eccentricity initial conditions, show a conver-
gence to the same neighborhood, whereby the tribodynamic behavior appears to be predictable.
The parametric analysis of cylinder density, clearly show an influence of cylinder density on the
eccentricities and tilt angles. Consequently, the force balance condition, assuming negligible solid
body inertia terms with regard to micro dynamics, should be carefully assessed for validity, when
the aim is to accurately predict tribodynamics. Finally, the parametric analysis of operating temper-
ature show that thermal consideration in tribodynamic modeling inevitably needs to be addressed,
however the problem of including thermal effects in multibody tribodynamic simulations is to re-
tain computational efficiency.
An asymptotic approximation of the laminar lubrication thermal field at low reduced Peclet and
Brinkman number are proposed, as an analytical thermal field theory for oil hydraulics, where heat
transfer by convection is non-negligible. The perturbation solution is compared to a numerical so-
lution, and reveals a maximum relative deviation of 20% in the vicinity of a reduced Peclet number
P = O(1). Consequently, this approximation provides a step towards models of multibody tri-
bodynamics under non-isothermal conditions, which are practical for optimization and wide-scale
design analysis.
7.2 Future Work
The difficulty of simulation engineering and experimental engineering of the microscopic tribolog-
ical interfaces still leaves the field with open problems. This dissertation approach the theoretical
tribodynamics, by modeling and simulation, and a series of untouched, yet interesting research
topics are given in this section.
As the work presented in this dissertation is purely theoretical and no experimental verification
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of the digital motor model is performed, a critical matter is to obtain verification data from ex-
periments, such that the model confidence can be increased. However, it is a challenge to obtain
experimental data concerning the pressure and film thickness field. An emerging interesting ap-
proach to experimental research of tribodynamics is the use of ultrasonic sensors.
The simulation results predict instances of low film thickness regions, relative to surface roughness
of machined surfaces. In addition, the pressure levels are in these regions insufficient to justify the
existence of elastohydrodynamic lubrication, which raises a concern on the validity of the results,
as asperity contact could be present, and lead to failures. Consequently, the inclusion of surface
roughness effects in the tribodynamic model is of importance.
A usual approach to tribological simulation is to assume ideal conditions with regard to joint ge-
ometry. The manufacturing process of the digital motor is inherently the cause of some degree of
imperfection in the joint geometry. The practical application of multibody tribodynamics to predict
micro motion, and thereby conclude anything concerning efficiency and successful lubrication of
the motor mechanics, rely heavily on the influence, which the imperfection of surfaces have on the
tribodynamics, whereby this aspect is of interest as a topic for further research.
A significant aspect, which has been beyond the scope of this dissertation, is the calculation of
solid body thermal fields and elastic displacement. As the simulation duration of the presented
simplified model is on the limit of being impractical for optimization purposes the inclusion, of
thermal and elastic effects of solids, necessitates efficient computational methods for these aspects.
In order to further clarify computational efficiency requirements, for the tribodynamic simulation
tools, an incorporation of the proposed model into an optimization algorithm would be beneficial.
Furthermore, it is important to apply the tribodynamic model to the other generated and feasible
topologies, such that a better basis for the topological selection can be made.
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Figure A.1: Full-load piston-eccentric pressure field during one revolution
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Figure A.2: Full-load piston-cylinder bottom pressure field during one revolution
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Figure A.3: Full-load piston-cylinder top pressure field during one revolution
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Figure A.4: Full-load cylinder-housing pressure field during one revolution
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Figure A.5: Idle piston-eccentric pressure field during one revolution
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Figure A.6: Idle pressure piston-cylinder bottom field during one revolution
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Figure A.7: Idle piston-cylinder top pressure field during one revolution
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Figure A.8: Idle cylinder-housing pressure field during one revolution
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Figure B.1: Full-load piston-eccentric thickness field during one revolution
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Figure B.2: Full-load piston-cylinder bottom thickness field during one revolution
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Figure B.3: Full-load piston-cylinder top thickness field during one revolution
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Figure B.4: Full-load cylinder-housing thickness field during one revolution
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Figure B.5: Idle piston-eccentric thickness field during one revolution
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Figure B.6: Idle piston-cylinder bottom thickness field during one revolution
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Figure B.7: Idle piston-cylinder top thickness field during one revolution
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Figure B.8: Idle cylinder-housing thickness field during one revolution
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Figure C.1: Full-load piston-eccentric wedge effect field during one revolution
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Figure C.2: Full-load piston-cylinder bottom wedge effect field during one revolution
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Figure C.3: Full-load piston-cylinder top wedge effect field during one revolution
θ = 135
0 90 180 270 360
23
24
25
θ = 105
0 90 180 270 360
23
24
25
θ = 75
0 90 180 270 360
23
24
25
θ = 45
0 90 180 270 360
23
24
25
θ = 165
0 100 200 300
23
24
25
θ = 15
0 90 180 270 360
23
24
25
θ = 195
0 90 180 270 360
23
24
25
θ = 345
0 90 180 270 360
23
24
25
θ = 225
0 90 180 270 360
23
24
25
θ = 255
0 90 180 270 360
23
24
25
θ = 285
0 90 180 270 360
23
24
25
θ = 315
0 90 180 270 360
23
24
25
Wedge [mm
s
]
−0.015 −0.01 −0.005 0 0.005 0.01 0.015
θ 
Figure C.4: Full-load cylinder-housing wedge effect field during one revolution
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Figure C.5: Idle piston-eccentric wedge effect field during one revolution
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Figure C.6: Idle piston-cylinder bottom wedge effect field during one revolution
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Figure C.7: Idle piston-cylinder top wedge effect field during one revolution
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Figure C.8: Idle cylinder-housing wedge effect field during one revolution
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180 APPENDIX D. FULL-LOAD AND IDLE OPERATION NORMAL SQUEEZE
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Figure D.1: Full-load piston-eccentric normal squeeze field during one revolution
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Figure D.2: Full-load piston-cylinder bottom normal squeeze field during one revolution
181
θ = 135
0 90 180 270 360
0
0.005
0.01
θ = 105
0 90 180 270 360
0
0.005
0.01
θ = 75
0 90 180 270 360
0
0.005
0.01
θ = 45
0 90 180 270 360
0
0.005
0.01
θ = 165
0 100 200 300
0
0.005
0.01
θ = 15
0 90 180 270 360
0
0.005
0.01
θ = 195
0 90 180 270 360
0
0.005
0.01
θ = 345
0 90 180 270 360
0
0.005
0.01
θ = 225
0 90 180 270 360
0
0.005
0.01
θ = 255
0 90 180 270 360
0
0.005
0.01
θ = 285
0 90 180 270 360
0
0.005
0.01
θ = 315
0 90 180 270 360
0
0.005
0.01
Normal squeeze [mm
s
]
−0.15 −0.1 −0.05 0 0.05 0.1 0.15
θ 
Figure D.3: Full-load piston-cylinder top normal squeeze field during one revolution
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Figure D.4: Full-load cylinder-housing normal squeeze field during one revolution
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Figure D.5: Idle piston-eccentric normal squeeze field during one revolution
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Figure D.6: Idle piston-cylinder bottom normal squeeze field during one revolution
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Figure D.7: Idle piston-cylinder top normal squeeze field during one revolution
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Figure D.8: Idle cylinder-housing normal squeeze field during one revolution
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Figure E.1: Full-load piston-eccentric G field during one revolution
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Figure E.2: Full-load piston-cylinder bottom G field during one revolution
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Figure E.3: Full-load piston-cylinder top G field during one revolution
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Figure E.4: Full-load cylinder-housing G field during one revolution
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Figure E.5: Idle piston-eccentric G field during one revolution
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Figure E.6: Idle piston-cylinder bottom G field during one revolution
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Figure E.7: Idle piston-cylinder top G field during one revolution
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Figure E.8: Idle cylinder-housing G field during one revolution
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Figure F.1: Full-load piston-eccentric φξ field during one revolution
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Figure F.2: Full-load piston-cylinder bottom φξ field during one revolution
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Figure F.3: Full-load piston-cylinder top φξ field during one revolution
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Figure F.4: Full-load cylinder-housing φξ field during one revolution
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Figure F.5: Idle piston-eccentric φξ field during one revolution
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Figure F.6: Idle piston-cylinder bottom φξ field during one revolution
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Figure F.7: Idle piston-cylinder top φξ field during one revolution
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Figure F.8: Idle cylinder-housing φξ field during one revolution
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Figure G.1: Full-load piston-eccentric φη field during one revolution
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Figure G.2: Full-load piston-cylinder bottom φη field during one revolution
199
θ = 135
0 90 180 270 360
0
0.005
0.01
θ = 105
0 90 180 270 360
0
0.005
0.01
θ = 75
0 90 180 270 360
0
0.005
0.01
θ = 45
0 90 180 270 360
0
0.005
0.01
θ = 165
0 100 200 300
0
0.005
0.01
θ = 15
0 90 180 270 360
0
0.005
0.01
θ = 195
0 90 180 270 360
0
0.005
0.01
θ = 345
0 90 180 270 360
0
0.005
0.01
θ = 225
0 90 180 270 360
0
0.005
0.01
θ = 255
0 90 180 270 360
0
0.005
0.01
θ = 285
0 90 180 270 360
0
0.005
0.01
θ = 315
0 90 180 270 360
0
0.005
0.01
Film wall velo city [m
s
]
−4 −3 −2 −1 0 1 2 3 4
x 10
−3
θ 
Figure G.3: Full-load piston-cylinder top φη field during one revolution
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Figure G.4: Full-load cylinder-housing φη field during one revolution
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Figure G.5: Idle piston-eccentric φη field during one revolution
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Figure G.6: Idle piston-cylinder bottom φη field during one revolution
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Figure G.7: Idle piston-cylinder top φη field during one revolution
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Figure G.8: Idle cylinder-housing φη field during one revolution
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Figure H.1: Piston and cylinder surface frame xy-plane initial position offset setup 1
Figure H.2: Piston and cylinder surface frame xy-plane initial position offset setup 2
Figure H.3: Piston and cylinder surface frame xy-plane initial position offset setup 3
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Figure H.4: Piston-eccentric film and pressure dynamics in offset setup nr 1, where dotted
lines represent maximum quantities
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Figure H.5: Piston-eccentric eccentricity dynamics in offset setup nr 1
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Figure H.6: Piston-eccentric film and pressure dynamics in offset setup nr 2, where dotted
lines represent maximum quantities
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Figure H.7: Piston-eccentric eccentricity dynamics in offset setup nr 2
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Figure H.8: Piston-eccentric film and pressure dynamics in offset setup nr 3, where dotted
lines represent maximum quantities
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Figure H.9: Piston-eccentric eccentricity dynamics in offset setup nr 3
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Figure H.10: Piston-Cylinder bottom film and pressure dynamics in offset setup nr 1, where
dotted lines represent maximum quantities
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Figure H.11: Piston-Cylinder bottom eccentricity dynamics in offset setup nr 1, where dot-
ted lines represent tilt angles
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Figure H.12: Piston-Cylinder bottom film and pressure dynamics in offset setup nr 2, where
dotted lines represent maximum quantities
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Figure H.13: Piston-Cylinder bottom eccentricity dynamics in offset setup nr 2, where dot-
ted lines represent tilt angles
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Figure H.14: Piston-Cylinder bottom film and pressure dynamics in offset setup nr 3, where
dotted lines represent maximum quantities
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Figure H.15: Piston-Cylinder bottom eccentricity dynamics in offset setup nr 3, where dot-
ted lines represent tilt angles
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Figure H.16: Piston-Cylinder top film and pressure dynamics in offset setup nr 1, where
dotted lines represent maximum quantities
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Figure H.17: Piston-Cylinder top eccentricity dynamics in offset setup nr 1, where dotted
lines represent tilt angles
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Figure H.18: Piston-Cylinder top film and pressure dynamics in offset setup nr 2, where
dotted lines represent maximum quantities
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Figure H.19: Piston-Cylinder top eccentricity dynamics in offset setup nr 2, where dotted
lines represent tilt angles
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Figure H.20: Piston-Cylinder top film and pressure dynamics in offset setup nr 3, where
dotted lines represent maximum quantities
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Figure H.21: Piston-Cylinder top eccentricity dynamics in offset setup nr 3, where dotted
lines represent tilt angles
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Figure H.22: Cylinder-housing film and pressure dynamics in offset setup nr 1, where dotted
lines represent maximum quantities
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Figure H.23: Cylinder-housing eccentricity dynamics in offset setup nr 1
214 APPENDIX H. PARAMETRIC ANALYSIS OF INITIAL CONDITIONS
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0
50
C
h
am
b
er
st
ro
ke
p
os
it
io
n
[m
m
]
Time [s]
1.93 1.94 1.95 1.96
0
50
Time [s]
0
500
0
500
C
h
am
b
er
p
re
ss
u
re
[B
a
r
]
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0
2
4
6
8
M
in
th
ic
k
n
es
s
[µ
m
]
1.93 1.94 1.95 1.96
0
2
4
6
8
1.93 1.94 1.95 1.96
−1
−0.5
0
0.5
1
Time [s]
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−1
−0.5
0
0.5
1
Time [s]
M
in
p
re
ss
u
re
[B
a
r
]
0
2
4
6
8
0
2
4
6
8
M
ax
th
ic
k
n
es
s
[µ
m
]
0
200
400
M
ax
p
re
ss
u
re
[B
a
r
]
0
200
400
Figure H.24: Cylinder-housing film and pressure dynamics in offset setup nr 2, where dotted
lines represent maximum quantities
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Figure H.25: Cylinder-housing eccentricity dynamics in offset setup nr 2
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Figure H.26: Cylinder-housing film and pressure dynamics in offset setup nr 3, where dotted
lines represent maximum quantities
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Figure H.27: Cylinder-housing eccentricity dynamics in offset setup nr 3
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Figure I.1: Piston-eccentric film and pressure dynamics at Kdc = 0.75(Cyan), Kdc =
1(Red) and Kdc = 1.25(Yellow). Dotted lines represent maximum quantities.
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Figure I.2: Piston-eccentric eccentricity dynamics at Kdc = 0.75(Cyan), Kdc = 1(Red)
and Kdc = 1.25(Yellow).
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Figure I.3: Piston-Cylinder bottom film and pressure dynamics at Kdc = 0.75(Cyan),
Kdc = 1(Red) and Kdc = 1.25(Yellow). Dotted lines represent maximum quantities.
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Figure I.4: Piston-Cylinder bottom eccentricity dynamics at Kdc = 0.75(Cyan), Kdc =
1(Red) and Kdc = 1.25(Yellow). Dotted lines represent tilt angles.
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Figure I.5: Piston-Cylinder top film and pressure dynamics at Kdc = 0.75(Cyan), Kdc =
1(Red) and Kdc = 1.25(Yellow). Dotted lines represent maximum quantities.
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Figure I.6: Piston-Cylinder top eccentricity dynamics at Kdc = 0.75(Cyan), Kdc =
1(Red) and Kdc = 1.25(Yellow). Dotted lines represent tilt angles.
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Figure I.7: Cylinder-housing film and pressure dynamics at Kdc = 0.75(Cyan), Kdc =
1(Red) and Kdc = 1.25(Yellow). Dotted lines represent maximum quantities.
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Figure I.8: Cylinder-housing eccentricity dynamics at Kdc = 0.75(Cyan), Kdc = 1(Red)
and Kdc = 1.25(Yellow).
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Figure I.9: Piston-eccentric film and pressure dynamics at Kdp = 0.75(Cyan), Kdp =
1(Red) and Kdp = 1.25(Yellow). Dotted lines represent maximum quantities.
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Figure I.10: Piston-eccentric eccentricity dynamics at Kdp = 0.75(Cyan), Kdp = 1(Red)
and Kdp = 1.25(Yellow).
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Figure I.11: Piston-Cylinder bottom film and pressure dynamics at Kdp = 0.75(Cyan),
Kdp = 1(Red) and Kdp = 1.25(Yellow). Dotted lines represent maximum quantities.
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Figure I.12: Piston-Cylinder bottom eccentricity dynamics at Kdp = 0.75(Cyan), Kdp =
1(Red) and Kdp = 1.25(Yellow). Dotted lines represent tilt angles.
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Figure I.13: Piston-Cylinder top film and pressure dynamics atKdp = 0.75(Cyan),Kdp =
1(Red) and Kdp = 1.25(Yellow). Dotted lines represent maximum quantities.
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Figure I.14: Piston-Cylinder top eccentricity dynamics at Kdp = 0.75(Cyan), Kdp =
1(Red) and Kdp = 1.25(Yellow). Dotted lines represent tilt angles.
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Figure I.15: Cylinder-housing film and pressure dynamics at Kdp = 0.75(Cyan), Kdp =
1(Red) and Kdp = 1.25(Yellow). Dotted lines represent maximum quantities.
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Figure I.16: Cylinder-housing eccentricity dynamics atKdp = 0.75(Cyan), Kdp = 1(Red)
and Kdp = 1.25(Yellow).
